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ABSTRACT 
The flow disturbances i n  a supersonic rocket  nozzle due t o  
secondary i n j e c t i o n  have been analyzed by use of an e f f e c t i v e  body 
approximation. The ana lys i s  i s  based upon a considerat ion of t h e  
momentum f l u x  of t h e  primary and secondary flows and t h e  underexpansion 
of t he  secondary jet .  The analysis  shows t h a t  two c h a r a c t e r i s t i c  
dimensions of t he  e f f e c t i v e  boday are required t o  descr ibe a p a r t i c u l a r  
flow condition. The two c h a r a c t e r i s t i c  dimensions, termed expansion 
width and distur-bance he igh t ,  account f o r  t he  major e f f e c t s  of 
the  secondary i n j e c t i o n .  The e f f e c t i v e  body ana lys i s  includes t h e  
e f f e c t s  of i n j e c t i o n  a t  an angle t o  t h e  primary stream and t h e  e f f e c t s  
of t h e  secondary j e t  ex i t  Mach number on t h e  i n t e r a c t i o n .  
For t h e  purposes of ana lys i s ,  t h e  flow near t h e  primary nozzle 
su r face  i n  the  v i c i n i t y  of i n j e c t i o n  w a s  divided i n t o  th ree  d i s t i n c t  
regions : 
1. A separat ion region where the  boundary l a y e r  on the  primary 
w a l l  is  separated and back flow occurs along t h e  surface.  
2.  A s t rong  vortex region where primary gases are forced onto 
the  nozzle w a l l  by t h e  high pressure e x i s t i n g  behind a bow shock 
i n  the  primary flow. This region is  character ized by severe erosion 
of the  primary nozzle w a l l .  
3.  A region d i r e c t l y  a f f ec t ed  by t h e  secondary je t  where separat ion 
and reattachment of t h e  j e t  are present  and r e l a t i v e l y  low pressures  
detr imental  t o  s i d e  fo rce  generation e x i s t .  
Empirical methods w e r e  used t o  q u a n t i t a t i v e l y  descr ibe t h e  
th ree  flow regions.  The c h a r a c t e r i s t i c  dimensions of the e f f e c t i v e  
body, disturbance he igh t  and expansion width, w e r e  used as c o r r e l a t i n g  
parameters, and t h e  boundary l i n e s  of the  th ree  regions w e r e  formulated. 
The s i d e  forces  w e r e  determined by consideration of each of 
the  disturbance regions separately.  Empirical methods w e r e  used 
t o  c o r r e l a t e  the  a v a i l a b l e  d a t a  and ob ta in  pressure d i s t r i b u t i o n s  
f o r  each of t he  regions.  
The a n a l y t i c a l  p red ic t ions  have been compared with experimental 
da t a  from tests with gaseous secondary i n j e c t i o n  i n t o  a rocket nozzle.  
The d a t a  include nozzle w a l l  pressures ,  erosion p a t t e r n s ,  and s i d e  
forces .  The a n a l y t i c a l  predict ions agree w e l l  with the  experimental 
data.  
-I - 
LIST OF TABLES 
TABLES 
I. Flow Conditions for Comparison of Results 
11. Summary of Side Force Calculations 
PAGE 
55 
69 
-11- 
LIST OF FIGURES 
FIGURE PAGE 
1 Flow s t r u c t u r e  of Amick and Hays (31, (Figure 13 of 
reference 3)  3 
2 Secondary gas i n j e c t i o n  model of Walker, Stone, and 
Shandor (5), (Figure 5 of reference 5) 5 
3 Sketch of t h e  Wu, Chapkis, and Mager (6) model f o r  gas 
i n j e c t i o n ,  (Figure 1 of reference 6) 7 
4 "Linearized" model f o r  f l u i d  i n j e c t i o n  ana lys i s  of 
Walker and Shandor (8), (Figure 1 of reference 8) 8 
5 Secondary i n j e c t i o n  flow p a t t e r n  of Broadwell (12), 
(Figure 1 of reference 12) 10 
6 Control volume of Karamcheti and H s i a  (13), (Figure 1 
of reference 13) 1 2  
7 Side v i e w  of Zukoski and Spaid (15, 16) model 14  
8 Schematic r ep resen ta t ion  of t h e  s p i r a l  mixing flow of 
Charwat and Allegre (17),  (Figure 6 of reference 17) 16 
9 Sketch of a t y p i c a l  china clay p a t t e r n  (flow near wal l )  
from Amick and Hays (3 ) ,  (Figure 13 of reference 3)  19 
10 Wall flow regions f o r  ana lys i s  20 
11 Ef fec t ive  body f o r  ana lys i s  of gaseous secondary 
i n  j ec t i o n  24 
12 Erosion p a t t e r n s  i n  t h e  v i c i n i t y  of t h e  l e f t  i n j e c t i o n  
p o r t  of Vickers nozzle f o r  test 4 ,  (Figure 7d of 
reference 2) 29 
13 Correlat ion of bow shock o r i g i n  displacement as 
predicted by t h e  method of Evers (24) 32 
1 4  Correlat ion of bow shock shape as predicted by t h e  
method of Zukoski and Spaid (16) 33 
15 Cor re l a t ion  of s epa ra t ion  l i n e  apex f o r  son ic  i n j e c t i o n  
d a t a  of reference 1 35 
16 Correlat ion of s epa ra t ion  l i n e  apex f o r  supersonic 
i n j e c t i o n  d a t a  of reference 1 36 
-111- 
FIGURE 
17  
18 
19 
20 
2 1  
22 
23 
24 
25 
26 
27 
28 
29 
30 
31  
Comparison between t h e  c o r r e l a t i o n  of separa t ion  l i n e  
apex f o r  sonic  and supersonic i n j e c t i o n  da ta  of 
re ference  1 
Corre la t ion  of t h e  separa t ion  l i n e  da ta  of reference 1 
Predicted i n t e r a c t i o n  region bounds f o r  test 1, t i m e  4 
seconds, da ta  of re ference  1 
Predicted i n t e r a c t i o n  region bounds f o r  test 1, t i m e  19 
seconds, d a t a  of re ference  1 
Predicted i n t e r a c t i o n  region bounds f o r  test 1, t i m e  7 
seconds, da t a  of re ference  1 
Predicted i n t e r a c t i o n  region bounds f o r  test 3,  t i m e  
32.3 seconds, da t a  of reference 1 
Predicted i n t e r a c t i o n  region bounds f o r  test 3,  t i m e  
37.1 seconds, da t a  of reference 1 
Predicted i n t e r a c t i o n  region bounds f o r  test 3, t i m e  
28.5 seconds, da t a  of reference 1 
Predicted i n t e r a c t i o n  region bounds f o r  test 4 ,  t i m e  
18.5 seconds, d a t a  of reference 1 
Predicted i n t e r a c t i o n  region bounds f o r  test 4, t i m e  
16.25 seconds, da ta  of re ference  1 
Predicted i n t e r a c t i o n  region bounds f o r  test  4 ,  t i m e  
28.9 seconds, d a t a  of re ference  1 
Predicted i n t e r a c t i o n  region bounds f o r  test 5 ,  t i m e  
13.267 seconds, da t a  of re ference  1 
Predicted i n t e r a c t i o n  region bounds f o r  test 5,  t i m e  
20.502 seconds, d a t a  of re ference  1 
Predicted i n t e r a c t i o n  region bounds f o r  test  5 ,  t i m e  
9.015 seconds, d a t a  of reference 1 
Predicted separa t ion ,  shock, and j e t  l i n e s  f o r  f u l l  
secondary flow condi t ions,  superimposed on nozzle 
e ros ion  pa t t e rns  
PAGE 
38 
40 
43 
44 
45 
46 
47 
48 
49 
50 
5 1  
52 
53 
54 
58 
-1v- 
PAGE 
32 Predicted separa t ion ,  shock, and j e t  l i n e s  f o r  
approximately ha l f  secondary flow condi t ions,  
superimposed on nozzle erosion pa t t e rns  59 
33 Analysis of s i d e  fo rce  due t o  w a l l  pressure 
dis turbance 6 1  
34  Center l ine pressure  d i s t r i b u t i o n s  f o r  tu rbulen t  
boundary l aye r  separa t ion  (taken from Figure 23 
i n  re ference  4 )  6 3  
35 Flow configurat ions f o r  j e t  reattachment 66 
36 Force r a t i o  versus  flow r a t i o n  - T e s t  1 of re ference  1 70 
37 Force r a t i o  versus  flow r a t i o  - T e s t  3 of re ference  1 7 1  
38 Force r a t i o  versus  flow r a t i o  - T e s t  4 of re ference  1 72 
39 Force r a t i o  versus  flow r a t i o  - T e s t  5 of reference 1 73 
-v- 
A 
LIST OF SYMBOLS 
area 
LS 
Lb 
Li 
L 
W 
Lr 
X 
j 
5 
xS 
M 
MF 
P 
C 
P 
0 
P 
T 
0 
T 
v 
W 
m 
h 
hd 
h '  
d i s tance  along w a l l  from j e t  cen te r l ine  t o  separa t ion  
l i n e  o r i g i n  
d is tance  along w a l l  from j e t  cen te r l ine  t o  bow shock 
or ig in  
d is tance  along w a l l  from j e t  cen te r l ine  t o  primary t h r o a t  
primary nozzle w a l l  length 
d is tance  along w a l l  from j e t  cen te r l ine  t o  reattachment 
d is tance  from upstream edge of i n j e c t i o n  po r t  downstream along 
w a l l  
d i s tance  from apex of bow shock downstream along w a l l  
d i s tance  from apex of separa t ion  l i n e  downstream along w a l l  
Mach number 
momentum f lux  
pressure 
c h a r a c t e r i s t i c  pressure 
s tagnat ion  pressure 
temper a t  u re  
s tagnat ion  temperature 
ve loc i ty  
width 
mass flow rate 
penet ra t ion  o r  accommodation he ight  
dis turbance height  
projected he ight  from nozzle  w a l l  t o  po in t  of maximum 
width of e f f e c t i v e  body 
-VI- 
a 
R 
Fd 
d2 
d 
E 
a 
6 
5 
JI 
4 
e 
Subscr ipts  
W 
j 
P 
S 
bw 
i 
e 
t 
eb 
X 
Y 
2 
sonic  ve loc i ty  
primary nozzle radius  a t  any loca t ion  
force  requi red  t o  tu rn  secondary j e t  
expans ion  width 
diameter 
angle between the  i n j e c t i o n  nozzle and a l i n e  
perpendicular t o  the  primary nozzle axis 
ha l f  angle of nozzle 
angle of separa t ion  
shock angle 
angle of i n j e c t i o n  r e l a t i v e  t o  l i n e  perpendicular t o  
primary nozzle  wa l l  a t  i n j e c t i o n  p o r t  
angle of i n j e c t i o n  relative t o  l i n e  perpendicular t o  
primary nozzle center  l i n e  
c i rcumferent ia l  angle around primary nozzle  from plane 
through secondary i n j e c t i o n  nozzle cen te r l ine  
undisturbed primary stream any loca t ion  
secondary j e t  
primary flow 
separa t ion  o r  s i d e  
b l a s t  wave 
i n t e r a c t i o n  region o r  i n j e c t i o n  s t a t i o n  
e x i t  
t h roa t  
e f f e c t i v e  body 
p a r a l l e l  t o  primary nozzle  w a l l  
perpendicular t o  primary nozzle  w a l l  
condition a t  i s e n t r o p i c  expansion of j e t  t o  undisturbed 
f r e e  stream pressure  
- V I I -  
INTRODUCTION 
Since the  concept of t h r u s t  vector  cont ro l  by secondary i n j e c t i o n  
w a s  conceived i n  1949 (generally a t t r i b u t e d  t o  A. E .  Wetherbee, Jr., 
U. S. Pa ten t  2,943,821), i t  has received considerable a t t e n t i o n  from 
both rocket designers  and researchers  of var ious d i sc ip l ines .  
The continuing i n t e r e s t  i n  t h e  sub jec t  has produced many papers 
deal ing with both l i q u i d  and gaseous secondary i n j e c t i o n  t h r u s t  vector  
control .  The area of primary i n t e r e s t  here  is gaseous in j ec t ion .  
The research r epor t s  on gaseous i n j e c t i o n  dea l  with two-dimensional 
The major i n t e r e s t  he re  lies o r  s l o t  i n j e c t i o n  and with po r t  i n j ec t ion .  
i n  po r t  i n j e c t i o n ,  and i n  t h i s  area alone the  volume of l i t e r a t u r e  i s  
overwhelming. 
A f i r s t  look a t  the  l i t e r a t u r e  on experimental s tud ie s  of secondary 
i n j e c t i o n  leads one t o  be l i eve  t h a t  much usefu l  d a t a  are ava i l ab le .  How- 
ever ,  as one delves deeper fo r  s p e c i f i c s ,  i t  is  common t o  f ind r e s u l t s  
published with i n s u f f i c i e n t  d e t a i l s .  Also, l i t t l e  d a t a  are ava i l ab le  
f o r  test conditions and geometries which resemble those of ac tua l  
rocket nozzles.  
The most comprehensive set of da ta  ava i l ab le  i s  from a series of tests 
sponsored by the  National Aeronautics and Space Administration's Langley 
Research Center. The tests involve gaseous i n j e c t i o n  i n t o  the  supersonic 
nozzle of an experimental rocket  burning high-energy aluminized propel lan t .  
During the  various tests, performed under a cont rac t  with Vickers Incorporated 
and reported i n  NASA CR-637 ( l ) ,  t h e  rocket  w a s  instrumented t o  record 
t h r u s t  and s i d e  forces  produced during t h e  tests as w e l l  as w a l l  p ressure  
values a t  seve ra l  po in t s  i n  the  v i c i n i t y  of t h e  i n j e c t i o n  po r t .  
An important r e s u l t  of t he  Vickers tests w a s  t h e  discovery of a deep 
erosion i n  t h e  primary nozzle w a l l  caused by secondary in j ec t ion .  The 
erosion (measured and reported by Smith ( 3 ) )  presumeably occurred because 
of a s t rong  s p i r a l  flow (Vickers no ta t ion)  and w a s  t i e d  t o  t h e  induced 
shock caused by the  secondary i n j e c t i o n .  
during the  tests pointed out an i n t e r a c t i o n  region covering more nozzle 
w a l l  area than the  deep erosion area, and a l s o  a region downstream from 
the i n j e c t i o n  por t  i n  which the  w a l l  pressures  w e r e  less than t h e  
undisturbed pressure  and therefore  detr imental  t o  t h e  generation of s i d e  
forces .  The lack of s p e c i f i c  information about t he  loca t ion  of these  areas 
and the  e f f e c t s  which i n j e c t i o n  parameters have on them has prompted the  
research reported here .  
The pressure  measurements made 
The primary purpose of t h i s  i nves t iga t ion  was  t o  develop an ana ly t i ca l  
model f o r  t he  flow pa t t e rns  and s i d e  forces  t h a t  r e s u l t  from secondary 
i n j e c t i o n  i n t o  a rocket  nozzle. Within t h i s  purpose, i t  was  des i red  t o  
develop a model based upon experimental observations and compatible 
with experimental r e s u l t s .  
The ana lys i s  presented is  based pr imari ly  on the  experimental da t a  
reported i n  reference 1. 
- 1- 
REVIEW OF ANALYTICAL MODELS 
This sec t ion  on a n a l y t i c a l  models includes t h e  models proposed 
on the  b a s i s  of experimental observations of the flow and designed t o  
explain the  var ious p e c u l i a r i t i e s  of t h e  observed flow f i e l d s .  Obser- 
vat ions of t h i s  type have been usefu l  i n  the  search f o r  a s u i t a b l e  
model. Although these  models tend t o  be  usefu l  i n  a q u a l i t a t i v e  
r a the r  than quan t i t a t ive  sense,  i n  many ins tances  they have been more 
valuable than t h e o r e t i c a l  models e 
Some of t he  models presented have been developed f o r  only the  purpose 
of supplying normalizing parameters t o  c o r r e l a t e  t h e  da ta  of a p a r t i c u l a r  
experiment. These models are not  p a r t i c u l a r l y  usefu l  ouside t h i s  s p e c i f i c  
test. 
A l imi ted  number of models e x i s t  which, when appl ied,  y i e ld  a predic- 
t i on  of the  s i d e  force  d i r e c t l y .  Within t h i s  category are models developed 
from an i n t e g r a l  approach t o  the  problem, and a lesser number taken from 
de ta i l ed  analyses. That i s ,  t h e  majori ty  have been used t o  p red ic t  the  
s ide  forces  involved, without t h e  a v a i l a b i l i t y  of d a t a  on the  ex ten t  of 
dis turbance i n  the  region surrounding i n j e c t i o n ,  o r  on the  pressure d i s t r i -  
but ion i n  t h a t  area. 
d i s t r i b u t i o n s  i n  the  d is turbed  area, and a knowledge of t h a t  area. 
The d e t a i l e d  analyses necessar i ly  r e l y  on pressure  
The models covered he re  w i l l  be  presented i n  the  chronological order 
i n  which they appear i n  the  l i t e r a t u r e  except i n  a few cases i n  which i t  
w a s  f e l t  t h a t  a d i f f e r e n t  order w a s  necessary.  
Amick and Hays ( 3 ) ,  repor t ing  experimental d a t a  col lected by 
i n j e c t i n g  cold gas through a f l a t  p l a t e ,  have suggested a flow s t r u c t u r e  
based on t h e i r  i n t e r p r e t a t i o n  of these  data .  This model i s  depicted i n  
Figure 1 and has been described by Amick and Hays. 
The secondary gas (gas en ter ing  through the  i n j e c t i o n  por t )  i n t e r -  
acts with and causes a s t rong  shock i n  the  primary supersonic stream. 
High-pressure primary gas e x i s t i n g  behind the  s t rong  bow shock i s  forced 
down onto the  sur face  behind the  shock where i t  expands r a d i a l l y  along 
the p l a t e  surface.  The expansion is  presumed t o  continue u n t i l  t h e  flow 
is supersonic and a shock-system is  encountered as shown i n  Figure 1. 
This shock system, according t o  Amick and Hays, causes the  back flow 
pressure t o  increase  t o  the  so-called p la teau  pressure of t h e  separated 
laminar boundary layer .  
The authors  suggest t h a t  f o r  s imilar  free-stream flow conditions 
with a turbulen t  boundary layer  on t h e  p l a t e ,  t he re  is a smaller i n t e r -  
ac t ion  region and the  shock system described i n  t h e  laminar boundary 
layer  case is  non-existent. 
pressure d ip  w a s  not present  i n  t h e  turbulen t  boundary l aye r  pressure  
p r o f i l e  of t h e i r  experiments. The more recent  w a l l  pressure p r o f i l e s  
measured by Dowdy and Newton ( 4 )  do i n d i c a t e  a pressure d ip  f o r  t h e  
turbulent  boundary l aye r  i n t e r a c t i o n  region. 
This observation w a s  made because t h e  
-2- 
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T e s t s  wi th  a c i r c u l a r  cyl inder  replacing the  j e t  produced an 
i n t e r e s t i n g  r e s u l t  i n  flow with a laminar boundary layer .  The 
pressure i n  the  low pressure  region w a s  less than f o r  t h e  jet-caused 
i n t e r a c t i o n  under s imilar  conditions.  This w a s  explained as an 
e f f e c t  of t he  j e t  which, i t  w a s  s a i d ,  opposes the  downward flow i n  
the  separated region and therefore  lessens t h e  Mach number i n  t h e  
supersonic region a t  t h e  sur face .  
The model as described by Amick and Hays i s  q u a l i t a t i v e  i n  na ture  
and designed t o  explain t h e  experimental observations made by them. 
For t h i s  reason, t h e  level of pressure,  ex ten t  of separa t ion ,  etc. i n  
the  flow f i e l d  are not formulated and are therefore  not ava i l ab le  f o r  
pred ic t ing  the  d e t a i l s  of the flow. This is  not t o  say t h a t  t he  model 
and p a r t i c u l a r l y  t h e  experimental r e s u l t s  reported the re in  have not  
been usefu l  i n  the  determination of the  model reported la ter  i n  t h i s  
work. 
Walker, et .  a l .  (5) introduced a secondary i n j e c t i o n  model based 
on two-dimensional, l i nea r i zed  supersonic flow theory (see Figure 2) . 
I n  the  model, the  primary flow w a s  assumed t o  negot ia te  an obs t ac l e  
( the  secondary j e t )  i n  t he  flow by turning through an angle s m a l l  
enough t o  permit appl ica t ion  of l i nea r i zed  flow theory.  
I n  any flow of t h i s  type,  t h e  normal force  per  u n i t  width caused by 
the presence of an obs tac le  can be found by i n t e g r a t i n g  t h e  pressure d i f -  
ference (P - P,) along t h e  s t reamline which negot ia tes  t h e  obs tac le .  
With use of l i nea r i zed  supersonic flow theory,  t h e  normal force  pe r  u n i t  
width is 
where y is  t h e  obs t ac l e  height .  I n  order t o  account f o r  t he  f i n i t e  
width of t h e  o r i f i c e  i n  t h e  i n j e c t i o n  flow, Walker, et .  a l ,  equated t h e  
product of t he  obs tac le  he ight  and width,  W y ,  with an area, 
defined as the  area through which the  i n j e c t a n t  would pass a f t e r  
expanding t o  free-stream pressure i s en t rop ica l ly .  The authors descr ibe  
t h i s  as a "pseudo two-dimensional analysis"  and arrive a t  an equation 
f o r  the  s i d e  fo rce  
*2 ' 
.. 
The ana lys i s  w a s  reported t o  be more valuable  i n  a q u a l i t a t i v e  
sense than f o r  q u a n t i t a t i v e  r e s u l t s  due t o  the  r e s t r i c t i o n s  imposed 
on it  by t h e  use of l i nea r i zed  supersonic flow theory.  
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A model, used extensively s ince  i t s  conception, w a s  developed by 
Wu, Chapkis, and Mager (6) through assumptions of many of t he  d e t a i l s  
of both t h e  primary and secondary flow i n  the  i n t e r a c t i o n  region. 
The secondary j e t  i n  t h e  model w a s  assumed t o  e n t e r  the  primary 
region,  t u rn  abrupt ly ,  and flow downstream along t h e  w a l l  i n  a hemi- 
c y l i n d r i c a l  shape (see Figure 3 ) .  
The boundary l a y e r  i n  the  nozzle w a s  assumed t o  be turbulen t  and 
the shock angles ,  separa t ion  angle,  and condi t ions behind t h e  two w e r e  
determined from a method developed by Mager (7). That i s ,  a method 
developed o r i g i n a l l y  f o r  two-dimensional separated flow w a s  a l t e r e d  by 
the  authors t o  extend i t s  appl ica t ion  t o  three-dimensional flow. A 
knowledge of the  pressure  r a t i o  across  t h e  shock required t o  cause 
separa t ion  i s  necessary t o  apply t h e  method, and the  assumption w a s  
made t h a t  t h e  r a t i o  e x i s t i n g  f o r  two-dimensional flow a l s o  app l i e s  t o  
three-dimensional separa t ion .  
With knowledge of t he  separa t ion  angle and the  assumption t h a t  
the  separated s t reaml ine  becomes tangent t o  the  j e t  boundary, one can 
determine the  poin t  of separa t ion ,  a ,  by knowing t h e  "accommodation 
height ,"  h. Application by the  authors of t he  m a s s ,  momentum, and 
energy conservation equations f o r  the  region surrounding and including 
the j e t ,  along with several add i t iona l  assumptions made poss ib le  a 
so lu t ion  f o r  the  accommodation height .  Included i n  t h e  assumptions 
made t o  so lve  the  conservation equations are t h a t  t h e  cross  s e c t i o n a l  
area of the  primary nozzle remains constant ,  i .e.,  Aa = + + Ac, 
(defined i n  Figure 3) and t h a t  t he  primary stream pressure  is  constant  
i n  t h a t  region. It w a s  assumed t h a t  both flows are ad iaba t i c ,  t h e  
Pb = P and no 
C Y  
secondary stream a t t a i n s  primary stream pressure,  
mixing occurs between t h e  two. The authors neglected t o  include a 
streamwise momentum component of t he  secondary i n j e c t a n t  as i t  e n t e r s  
t he  primary nozzle ,  when applying the  momentum equation t o  t h e  
pr  ob l e m  . 
The pressure  i n  t h e  region between the  shock and separa t ion  l i n e  
w a s  assumed t o  vary parabol ica l ly  from t h e  pressure behind the  shock 
t o  separa t ion  pressure , Ps . 
pressure and the  undisturbed free-stream pressure,  i n  both the  area 
between t h e  shock and t h e  separa t ion  l i n e  and the  separa t ion  region,  
w a s  then in t eg ra t ed  over t he  respec t ive  areas t o  formulate the  
i n t e r a c t i o n  force.  A t  t h i s  po in t ,  Wu, Chapkis, and Mager made t h e  
assumption t h a t  only the  region upstream of i n j e c t i o n  contr ibuted 
t o  the  fo rce ,  and consequently l imi ted  the  area t o  t h a t  region. The 
la teral  momentum of t h e  secondary j e t  w a s  added t o  form the  t o t a l  
s i d e  force  caused by t h e  secondary j e t .  
The d i f f e rence  between the  average 
Walker and Shandor (8), i n  a cont inuat ion of t h e  program discussed 
above, developed a new model f o r  f l u i d  i n j e c t i o n  ana lys i s  by assuming 
a t r ace  of gas t o  be i n j e c t e d  i n t o  a constant area flow. A s  with t h e i r  
f i r s t  model , they assumed two-dimensional l i n e a r  supersonic flow theory 
t o  apply and determined t h e  i n t e r a c t i o n  force  by i n t e g r a t i n g  the  pressure  
rise along the  d iv id ing  s t reaml ine  ( see  Figure 4 ) .  
of the  area change dA, i s e n t r o p i c  expansion t o  f r e e  stream pressure  w a s  
assumed and r e l a t e d  t o  pressure change from t h e  constant area mixing 
region back t o  f r e e  steam, dP. 
For determination 
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The pressure change due t o  constant  area mixing, chemical 
reac t ion ,  and molecular weight v a r i a t i o n s  was accounted f o r  by t h e  use 
of generalized one-dimensional flow inf luence  coe f f i c i en t s .  This then 
resu l ted  i n  an equation f o r  s i d e  fo rce  i n  terms of t h e  various parameters. 
A comparison between s p e c i f i c  impulse ca lcu la ted  by the  theo re t i -  
cal methods out l ined  above and experimental d a t a  ex t rapola ted  t o  
zam i n j e c t a n t  t o  primary weight flow r a t i o  w a s  made by Walker and 
Shmdor (8, 9) .  The r e s u l t s  of the  comparison are shown i n  Table I1 
of the f i r s t  paper. 
The b a s i c  model out l ined above has been used i n  seve ra l  papers 
(8, 9 ,  10,  11) from Johns Hopkins University on secondary i n j e c t i o n  
th rus t  vec tor  cont ro l  research.  The model should be expected t o  
p red ic t  t h e  r e s u l t s  more accureately when very low i n j e c t i o n  rates are 
used. 
A unique approach, f i r s t  developed by Broadwell (12) ,  u t i l i z e s  
f i r s t -o rde r  b l a s t  wave theory f o r  pred ic t ing  both s i d e  forces  and 
shock loca t ion  caused by secondary i n j e c t i o n  i n t o  a supersonic stream. 
Some have used the  method t o  p red ic t  t he  flow f i e l d s  occurring around 
b lunt  bodies a t  hypersonic speeds by equating the  energy of the  
b l a s t ,  p e r  u n i t  length of gas,  t o  t he  drag of the  body i n  question. 
The method as adapted f o r  secondary i n j e c t i o n  purposes w a s  used i n  
a manner similar t o  the  b lun t  body problem except t h a t  t he  energy 
per  u n i t  length w a s  handled i n  a d i f f e r e n t  manner. The f i r s t -o rde r  
theory is  l imi ted  t o  a s t rong  shock i n  the  primary stream. 
Broadwell accounted f o r  both the  drag of t h e  in j ec t ed  j e t  and 
the addi t ion  of volume t o  the  f r e e  stream. The drag w a s  equated t o  
the  momentum change of t h e  j e t  i n  the  streamwise d i r ec t ion  as it  
entered t h e  primary flow and accelerated downstream, and the  assumption 
w a s  used t h a t  the  j e t  acce lera ted  t o  free-stream streamwise ve loc i ty  
from zero. This assumption l i m i t s  t he  ana lys i s  t o  perpendicular i n j e c t i o n .  
However, it can be a l t e r e d  very e a s i l y  t o  account f o r  upstream i n j e c t i o n .  
The addi t ion  of volume t o  the  primary stream w a s  accounted f o r  by 
s imulat ion of volume addi t ion  with hea t  addi t ion.  I n  the s imulat ion,  an 
a r b i t r a r y  amount of primary m a s s  w a s  heated such t h a t  t h e  change of 
volume of t h a t  mass per  un i t  length w a s  equal t o  t h e  volume of t h e  
secondary j e t  i n j e c t e d  a t  undisturbed primary pressure  and je t  t o t a l  
temperature. The amount of energy per  u n i t  length t o  cause the  volume 
change w a s  then added t o  the  momentum f o r  a t o t a l  energy per  u n i t  
length of t he  b l a s t .  
The b l a s t  wave ana lys i s  is an inv i sc id  ana lys i s  and could no t  be 
expected t o  account f o r  boundary l a y e r  e f f e c t s .  
expect t he  bow shock i n  the  problem t o  be r e l a t e d  i n  some manner t o  
the  b l a s t  wave radius  ( see  Figure 5 f o r  radius  d e f i n i i t i o n ) .  
One would, however, 
Broadwell assumed t h a t  the  i n j e c t a n t  a t t a ined  free-stream ve loc i ty  
downstream from in j ec t ion .  
the ava i l ab le  mixing length and t h e  assumption would cast doubts on 
the a p p l i c a b i l i t y  of t h e  model t o  i n j e c t i o n  near  t h e  ex i t  of t h e  
containing nozzle or  p l a t e .  
This ,  however, would be a funct ion of 
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F ina l ly ,  the t o t a l  s i d e  fo rce  w a s  equated t o  t h e  i n t e g r a l  of 
pressure d i f fe rence  (dis turbed minus undisturbed free-stream pressure)  
over the  i n t e r a c t i o n  area where t h e  pressure  is determined by f i r s t -  
order b l a s t  wave theory. The predicted pressure d i s t r i b u t i o n  is no t  
similar t o  t h e  observed d i s t r i b u t i o n  from experiment and, i n  f a c t ,  
shows opposi te  t rends i n  t h e  region d i r e c t l y  downstream from 
i n  j e c  t ion.  
The forces  predicted by the  Broadwell model are not equal t o  
the  experimental d a t a  but  do p red ic t  t rends i n  many cases. 
Karamcheti and H s i a  (13) determined t h a t  a d e t a i l e d  ana lys i s  of 
t he  flow i n  the  neighborhood of i n j e c t i o n  involved too much knowledge 
about the  pressure d i s t r i b u t i o n ,  shock i n t e r a c t i o n s ,  areas of i n t e r -  
ac t ion ,  etc. or  too many assumptions, and decided t o  form an ana lys i s  
based on an i n t e g r a l  approach. 
A con t ro l  volume, containing the  f l u i d  wi th in  t h e  nozzle from 
throa t  t o  e x i t ,  w a s  used and t h e  forces  (both augmented t h r u s t  and 
s i d e  force)  were determined by appl ica t ion  of t h e  steady flow conserva- 
t i o n  of momentum p r inc ip l e  t o  t h e  con t ro l  volume. 
and without i n j e c t i o n ,  one could w r i t e  an expression f o r  t h e  d i f f e r -  
ence and, therefore ,  f o r  t h e  forces  caused by secondary in j ec t ion .  
Applying t h i s  with 
I n  t h e  formulation of t he  model, i t  w a s  assumed tha t  uniform 
conditions e x i s t  at the  nozzle e x i t  with a poss ib l e  d i f f e r e n t  uniform 
condition i n  the  i n t e r a c t i o n  region when i n j e c t i o n  w a s  p resent ,  i .e . ,  
i n  A .  of Figure 6. The viscous forces  on t h e  boundary of t he  con t ro l  
volume were neglected along with viscous d i s s i p a t i o n  and hea t  condution. 
Through t h e  use of t he  conservation equations and the  above assumptions , 
f i v e  equations were obtained i n  terms of e igh t  unknowns. To obta in  
r e l a t i o n s  f o r  t he  necessary add i t iona l  th ree  unknowns , Karamcheti 
and H s i a  assumed the  bow shock enveloping the  i n t e r a c t i o n  region t o  
be determined by the  methods of Broadwell (12). They then developed 
a r e l a t i o n  f o r  t he  ve loc i ty  a t  e x i t  from the  area A.  by assuming 
u = V e  + u '  ( the  streamwise f l u i d  ve loc i ty)  with u ' h e  << 1 and 
u' = v, where v is  the  lateral ve loc i ty  component. The authors 
emphasize t h a t  t he  above assumptions w e r e  necessary because of t h e  
lack of experimental d a t a  on which t o  base r e l a t i o n s .  
the  search f o r  a t h i r d  equation w a s  dropped at t h a t  po in t  and the  
equation f o r  s i d e  force  w a s  developed i n  terms of an unknown uniform 
pressure over A . I n  an attempt t o  p red ic t  s i d e  fo rces ,  they solved f o r  
t he  pressure  from the  t h r u s t  augmentation experimental d a t a  f o r  a 
p a r t i c u l a r  test ,  then s u b s t i t u t e d  i n t o  the  equation fo r  s i d e  force.  
This method could not ,  of course, be used f o r  design purposes s i n c e  
tests on t h e  p a r t i c u l a r  design are necessary i n  order  t o  p red ic t  t h e  
r e s u l t s .  
1 
Accordingly, 
i 
It appears t h a t  t h e  authors ,  i n  t h e i r  attempt t o  s implify t h e  
problem, have become as involved with t h e  d e t a i l s  of t he  flow as one 
would i n  using another approach. 
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A model s imi l a r  t o  Broadwell's (12) was developed by Dahm (14) 
with use of second-order b l a s t  wave theory.  
d i f f e r e n t  approach f o r  developing the  energy pe r  u n i t  length of t h e  
b l a s t .  
Dahm, however, used a 
The energy of the  b l a s t  w a s  derived from thermodynamic considera- 
t ions  r a t h e r  than from the  drag method used by Broadwell. 
w a s  equated t o  the  i n t e r n a l  energy change of a compound system made 
up of the  m a s s  of t he  secondary i n j e c t a n t  a t  i t s  s tagnat ion  state plus 
an amount of primary flow i n  an a r b i t r a r y  volume. 
The energy 
For s impl i c i ty ,  i t  w a s  assumed t h a t  no mixing occurred between 
the  two streams and t h a t  t h e  energy i s  r e l a t e d  t o  the  s tagnat ion  
temperature of t he  i n j e c t a n t .  To account f o r  i n j e c t i o n  a t  an angle ,  
Dahm assumed the  c h a r a c t e r i s t i c  s tagnat ion  temperature of t h e  i n j e c t a n t  
t o  be a t  s tagnat ion  r e l a t i v e  t o  an observer moving with t h e  primary 
stream. Thus the  relative ve loc i ty  between the  primary and secondary 
stream entered the  problem and allowed a method f o r  accounting f o r  
the d i r e c t i o n  of t h e  secondary j e t .  I n  addi t ion ,  a term w a s  added 
t o  account f o r  t he  increase  i n  mass due t o  the  jet .  When these  two 
are added together  t h e  t o t a l  energy of t he  b l a s t  per  u n i t  area is 
formalized and an equation f o r  t he  shock radius  may be w r i t t e n  wi th  
the  use of b l a s t  wave theory.  
This method i s  b e s t  s u i t e d  f o r  high Mach number flow, as are a l l  
methods using b l a s t  wave theory,  and f o r  flow over sho r t  p l a t e s  o r  
nozzles ,  due t o  the  no-mixing assumption. 
Zukoski and Spaid (15, 16) have proposed a model based on an 
e f f e c t i v e  body concept where the  e f f e c t i v e  body i s  meant t o  be s i m i l a r  
t o  a body which would cause a bow shock of t he  same s i z e  and shape 
as t h a t  f o r  secondary in j ec t ion .  These authors f e l t  t h a t  a charac te r i s -  
t i c  dimension of the  body would be use fu l  as a sca l ing  parameter f o r  
the  problem. 
They assume t h a t  a son ic  j e t  is in j ec t ed  i n t o  a uniform super- 
sonic  flow without a boundary l a y e r ,  t h a t  no mixing occurs between 
the  two flows, and t h a t  t h e  equivalent  body caused by the  i n j e c t a n t  
i s  a qua r t e r  sphere followed by an axisymmetric ha l f  body. 
of the  quar te r  sphere,  defined as penet ra t ion  he igh t ,  (see Figure 7) 
w a s  taken as the  c h a r a c t e r i s t i c  dimension of the  secondary i n j e c t i o n .  
The radius  
The penet ra t ion  he igh t ,  h ,  was  determined by equating t h e  
stream-wise pressure forces  on t h e  qua r t e r  sphere t o  the  stream-wise 
change i n  momentum f l u x  of t he  je t .  
determine both the  pressure  d i s t r i b u t i o n  and the  momentum f l u x  of 
the  je t .  
Assumptions w e r e  necessary t o  
Modified Newtonian flow theory w a s  assumed f o r  t h e  pressure 
d i s t r i b u t i o n  on t h e  sphere. 
primary stream t o  t h e  pene t ra t ion  he ight  of t h e  jet. 
the  j e t  w a s  assumed t o  expand i s e n t r o p i c a l l y  from i t s  s tagnat ion  
pressure t o  the  undisturbed f r e e  stream pressure  of t h e  primary flow. 
This r e l a t e d  t h e  force  caused by t h e  
I n  addi t ion ,  
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To so lve  f o r  h ,  t h e  momentum f l u x  acquired by t h e  expansion w a s  
assumed t o  have stream-wise d i r e c t i o n  and w a s  equated t o  the  pressure 
fo rce  on the  sphere. 
The r e s t r i c t i o n s  on t h e  method include t h e  assumption t h a t  t h e  
boundary l aye r  thickness a t  i n j e c t i o n  is  much smaller than t h e  penetrat ion 
height .  This w a s  observed by Zukoski and Spaid i n  t h e i r  experiments 
and, i n  f a c t ,  they found t h a t  t he  boundary l a y e r  w a s  never more than 
twice i t s  undisturbed thickness.  It was  a l s o  s t a t e d  t h a t  an a c t u a l  
quarter-spherical  body placed i n  t h e  flow always caused a g r e a t e r  
dis turbance t o  t h e  boundary l a y e r  than t h a t  observed during i n j e c t i o n  
(when the two caused t h e  same shock shape). 
The Zukoski and Spaid c o r r e l a t i o n  of bow shock shape has been 
used as a b a s i s  f o r  t h e  shock shape i n  t h i s  r e p o r t  (see Analysis of 
Flow Regions sec t ion ) .  
A model has been developed by Charwat and Allegre (17) which is 
based on t h e i r  experimental work. I n  t h e i r  model, t h e  i n t e r a c t i o n  
region surrounding i n j e c t i o n  has been divided i n t o  th ree  s e p a r a t e  
areas (see Figure 8).  The t h r e e  regions include an "inner zone" 
where t h e  secondary j e t  forms an inne r  core of f l u i d ,  an ou te r  zone" 
of vortex flow driven and supplied by the  secondary i n j e c t a n t ,  and 
a t h i r d  region where t h e  primary flow is  separated from t h e  w a l l  as a 
r e s u l t  of the  bow shock. 
I 1  
Along t h e  primary nozzle w a l l ,  t h e  th ree  regions may b e  d i s t i n -  
guished by t h e i r  wall-pressure d i s t r i b u t i o n s .  The separated region 
i n  t h e  primary flow begins a t  t he  f i r s t  rise i n  w a l l  pressure over 
undisturbed w a l l  pressure and extends t o  a l i n e  where t h e  w a l l  pressure 
peaks t o  a maximum. This l i n e  d i s t ingu i shes  t h e  separated zone from 
the  ou te r  zone of t he  model. The o u t e r  zone, i n  tu rn ,  is  a 
region of vortex flow made up of secondary f l u i d  mixed with primary 
f l u i d .  The vortex is  s a i d  t o  be caused by the  secondary j e t ,  down- 
stream. 
which is  the  beginning of t he  inner  zone. The inne r  region cons i s t s  
almost e n t i r e l y  of secondary f l u i d  from the  turned jet .  
The region is  then terminated by a minimum pressure l i n e  
Charwat and Allegre a l s o  p o s t u l a t e  a desc r ip t ion  of t h e  secondary 
je t  flow i n  t h e  region d i r e c t l y  above the  i n j e c t i o n  o r i f i c e ,  and relate 
the  type of flow t o  pressure r a t i o s  between t h e  j e t  and primary streams. 
Although the  var ious flow regions near t h e  w a l l  are mentioned i n  
some of t h e  l i t e r a t u r e ,  t he  loca t ions  of these regions have no t  
been spec i f i ed .  The b l a s t  wave theory of Broadwell (13) p r e d i c t s  t h e  
bow shock locat ion.  However, t h e  shock is  predicted as c i r c u l a r  i n  
c ross  s e c t i o n  while  experiments (Charwat and Allegre (19)) have shown 
i t  t o  b e  e l l i p t i c a l  i n  shape. The boundary l aye r  is  ignored i n  t h e  
model and a pressure d i s t r i b u t i o n  t h a t  is  not realist ic is predicted.  
The separated boundary l a y e r  has been included i n  the  Wu, Chapkis, 
and Mager (6) model. However, t h e  assumed flow model does not  coincide 
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with experimental observations.  For ins tance ,  t h e  separated boundary 
layer  i s  assumed t o  be tangent t o  t h e  top of t he  secondary j e t  as 
it  en te r s  t h e  primary nozzle., This assumption, while accurate  f o r  
two-dimensional nozzles ,  i s  u n r e a l i s t i c  f o r  po r t  i n j e c t i o n  and 
approaches the  a c t u a l  flow only when very l i t t l e  i n j e c t i o n  is present .  
Zukoski and Spaid (16) observed t h a t  t he  boundary l aye r  thickness  
increased very l i t t l e  during i n j e c t i o n  ( see  above). I n  addi t ion ,  t h e  
cone-shaped shock, created as a r e s u l t  of t h e  separated boundary l aye r ,  
and the  assumption t h a t  t he  forces  r e s u l t i n g  from i n j e c t i o n  cancel 
downstream, are not  cons is ten t  with observations.  
Many of the  ac tua l  flow fea tu res  are mentioned i n  a q u a l i t a t i v e  
sense by Charwat and Allegre (17) but  pred ic t ions  or  co r re l a t ions  of 
t h e i r  loca t ions  are not  included. 
Clear ly ,  t he  boundaries of t he  var ious flow regions which e x i s t  as 
a r e s u l t  of secondary i n j e c t i o n  have not  been es tab l i shed  and it  is not  
poss ib le  t o  analyze the  s i d e  forces  generated by excess pressures  u n t i l  
these regions have been c l ea r ly  defined. 
ANALYSIS OF FLOW Rl3GIONS 
Introduct ion and General Model Descr ipt ion 
It w a s  f e l t  from the  beginning of t h i s  work t h a t  any ana lys i s  
of t he  secondary i n j e c t i o n  problem should lean  heavi ly  on empir ical  
information. A j u s t i f i c a t i o n  f o r  t h i s  approach, i f  one is needed, 
is  the  obvious complexity of son ic  or  supersonic secondary i n j e c t i o n  
i n t o  a supersonic stream. The problems which arise i n  t h i s  type of 
flow inc lude  the  separa t ion  of tu rbulen t  boundary layers  and vortex 
generation within the region a f f ec t ed  by the  i n j e c t i o n  and the  three-  
dimensional e f f e c t s  which p r e v a i l  throughout t he  flow. 
A look a t  t he  w a l l  flow pa t t e rns  obtained by Amick and Hays (3)  
using china-clay on the  sur face  (Figure 9 ) ,  poin ts  out t he  complex 
flow pa t t e rns  and a l s o  c l ea r ly  ind ica t e s  t he  important fea tures  of 
the  model as described i n  the  next sec t ion .  
The flow c lose  t o  the  primary w a l l  i n  the  area a f f ec t ing  
i n j e c t i o n  is  of p a r t i c u l a r  importance i n  the  development of a model. 
That is ,  the  w a l l  pressure d i s t r i b u t i o n  determines a s i g n i f i c a n t  
port ion of t he  s i d e  fo rce  developed by secondary i n j e c t i o n ,  and t h e  
flow d i r e c t i o n  and proper t ies  near  t h e  w a l l  determine the  loca t ion  
of a s t rong  vortex flow. The s t rong  vor tex  flow region becomes 
s i g n i f i c a n t  when secondary i n j e c t i o n  is present  i n  ac tua l  rocket 
nozzles.  The severe erosion which may occur as a r e s u l t  of t h e  
vortex flow (1, 2) emphasizes the  importance of t h e  vortex flow 
and j u s t i f i e s  an approach based on loca t ing  the  bounds of the  
d i f f e r e n t  areas. 
The flow c lose  t o  the  w a l l  may be divided i n t o  four d i s t i n c t  
regions f o r  ana lys i s  as shown i n  Figure 10. The undisturbed region 
includes a l l  of the  flow not dis turbed by the  j e t  i n j e c t i o n .  It 
can be described by the  ve loc i ty  and s t a t i c  pressure i t  possesses 
a t  any loca t ion  along t h e  w a l l ,  and the  pressure i n  the  o the r  regions 
is general ly  compared with t h i s  pressure  s ince  t h e  s i d e  fo rce  is  
d i r e c t l y  r e l a t e d  t o  t h e i r  d i f fe rences .  
The e n t i r e  area af fec ted  by i n j e c t i o n  is  bounded by a "separation 
l ine"  and separa t ion  region as shown i n  the  f igu re .  
l i n e  as used here  r e f e r s  t o  a l i n e  through the  f i r s t  ind ica t ion  of w a l l  
pressure dis turbance due t o  in j ec t ion .  I n  other  words, i t  i s  a l i n e  
where the  pressure f i r s t  shows a rise above undisturbed w a l l  pressure.  
It is doubtful t h a t  t h i s  is  where separa t ion  ac tua l ly  occurs; neverthe- 
less, i t  w i l l  be r e fe r r ed  t o  as t h e  separa t ion  l i n e .  This d e f i n i t i o n  
has a l so  been used by Westkaemper (18) i n  h i s  recent  paper .  
The t e r m  separa t ion  
The inner  boundary of the  separa t ion  region forms the  outer  bound- 
ary of the region r e fe r r ed  t o  as the  s t rong  vortex flow region. This 
boundary is  representa t ive  of t h e  bow shock impingement on t h e  nozzle  
surface and i t  is  pos tu la ted  t h a t  the  bow shock separa tes  t he  two 
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regions,  I n  t h i s  case,  t he  shock l i n e  i s  between two downward 
flowing streams near t he  w a l l .  "Bow shock," throughout t h i s  
discussion,  r e f e r s  t o  t h e  shock caused by the  j e t  which encloses 
the je t  e f f e c t i v e  body and t h a t  appears s imilar  t o  the  bow shocks 
c h a r a c t e r i s t i c  i n  supersonic flow over b lun t  bodies.  
The four th  region i n  the  model w i l l  be  r e fe r r ed  t o  as the  j e t  
region and cons i s t s  of t h a t  area near t h e  w a l l  which is  influenced 
pr imari ly  by the j e t  f l u i d .  This area begins at t h e  upstream edge 
of the secondary nozzle e x i t  and covers an increas ing  width i n  t h e  
downstream d i r ec t ion .  The secondary nozzle e x i t  i s  included within 
t h i s  area. 
Each of these regions w i l l  be  discussed separa te ly  i n  g r e a t e r  
d e t a i l  i n  t he  sec t ions  t h a t  follow but  a general  desc r ip t ion  of t h e  
model w a s  included here  t o  give a combined p i c t u r e  of how t h e  model 
f i t s  together .  
The des i red  ana lys i s  then would p red ic t  t he  loca t ion  of each 
of t he  boundaries of t he  regions i n  the  model along with the  pressures  
ex i s t ing  wi th in  t h e  regions,  s o  t h a t  with knowledge of t h e  proper t ies  
of the  primary and secondary flows, t h e  generated s i d e  forces  and 
the  loca t ion  of poss ib le  erosion may be determined. 
It should be pointed out here  t h a t  although seve ra l  w r i t e r s  have 
described the  regions q u a l i t a t i v e l y  , t h e  loca t ions  of the  various 
boundaries have not been es tab l i shed .  The ana lys i s  of Wu, Chapkis, 
and Mager does present  a separa t ion  l i n e  but  i t  is based on wedge- 
l i k e  flow with a conical  separa t ion  shock and flow of t he  separated 
boundary l aye r  projected t o  t h e  top of an e f f e c t i v e  body. They 
d id  not attempt t o  compare t h i s  l i n e  with an ac tua l  separa t ion  l i n e  
and experimental r e s u l t s  (1) ind ica ted  t h a t  t he  separa t ion  l i n e  
predicted by t h e i r  method is  not co r rec t .  
Also shock l i n e  loca t ion  (bow shock impingment) has not been 
es tab l i shed .  I n  the  b l a s t  wave analyses ,  a shock with c i r c u l a r  cross- 
sec t ion  evolves from t h e  ana lys i s .  However, i t  is  not r e l a t e d  t o  the  
ac tua l  flow pa t t e rns  on t h e  sur face .  
An empir ical  approach w a s  necessary and the  pred ic t ion  of t h e  
region boundaries w a s  a des i red  r e s u l t .  To accomplish t h i s  a 
co r re l a t ing  parameter f o r  t he  ava i l ab le  d a t a  would be  usefu l ,  and one 
which includes an accounting of t he  dis turbance caused by t h e  j e t  
w a s  developed. 
Throughout t he  ana lys i s  and t h e  ca lcu la ted  r e s u l t s  , e t c .  t h e  
following general  assumptions have been made concerning the  flow 
within the  primary and secondary nozzles : 
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1. The gases (both primary and secondary) conform to  t h e  i d e a l  
gas equation of state and have constant  s p e c i f i c  hea t s  as suppl ied 
i n  reference 1 and 19 (Frozen Equilibrium). 
2. The proper t ies  of the  gases a t  any loca t ion  along the  nozzles 
can be determined by the  methods of one-dimensional gas dynamics and 
r e l a t ed  t o  s tagnat ion  ,p rope r t i e s  i n  t h a t  manner. 
3.  The boundary l aye r  i s  turbulen t  i n  the primary nozzle a t  
any pos i t i on  a f f ec t ing  t h e  ca lcu la t ions .  The cr i ter ia  f o r  e s t ab l i sh ing  
the  s ta te  of t he  boundary layer  f o r  t h e  present  conditions are unclear.  
However, t h e  pressure rise associated with the  separa t ion  and t h e  
upstream length of propagation of t h e  dis turbance both ind ica t e  t h a t  
t h i s  assumption is va l id .  
A ca l cu la t ion  of Reynolds number using length along the  
nozzle w a l l  from t h e  th roa t  as a c h a r a c t e r i s t i c  dimension produced 
numbers t h a t  would i n d i c a t e  t r a n s i t i o n  i n  f l a t  p l a t e  ca lcu la t ions .  
4 .  The secondary nozzle is  flowing f u l l  as long as the  j e t  
e x i t  p ressure  is g rea t e r  than or  equal t o  the  undisturbed primary 
s ta t ic  pressure  a t  t h e  i n j e c t i o n  loca t ion .  
The more successfu l  of t he  attempts t o  c o r r e l a t e  various second- 
ary i n j e c t i o n  experimental da t a  have been based on e f f e c t i v e  body 
models. Bodies of var ious shapes have been assumed and the  character-  
i s t i c  dimensions of t he  bodies r e l a t e d  t o  parameters of t he  two i n t e r -  
act ing streams. For ins tance ,  Zukoski and Spaid (16) have cor re la ted  
bow shock shapes and j e t  concentrat ion contours i n  cold flow secondary 
i n j e c t i o n  tests. I n  t h e i r  work, they assumed a quarter-sphere effec-  
t i v e  body. Evers (20) has cor re la ted  t h e  s h i f t  i n  t h e  hor izonta l  
o r ig in  of t h e  bow shock, caused by v a r i a t i o n  of t he  i n j e c t i o n  p rope r t i e s ,  
by assuming an e f f e c t i v e  body with a c h a r a c t e r i s t i c  dimension determined 
from second order b l a s t  wave theory.  H i s  tests w e r e  a l s o  of perpen- 
d icu lar  i n j e c t i o n  i n  cold flow. 
The use of an e f f e c t i v e  body has been re ta ined  here.  It should 
be emphasized, however, t h a t  although the  idea  of an e f f e c t i v e  body 
is apparently j u s t i f i e d ,  i t  is  not reasonable t o  expect t h e  body 
dimensions t o  represent  t h e  ac tua l  j e t  dimensions with accuracy. 
An e f f e c t i v e  body should merely allow one t o  account fo r  t h e  
important proper t ies  of t h e  two flows and, i n  turn ,  c o r r e l a t e  
experimental da ta .  
It w a s  desired t o  pos tu l a t e  a simple e f f e c t i v e  body f o r  t h e  j e t  
which would r e s u l t  i n  a c h a r a c t e r i s t i c  dimension f o r  t he  dis turbance 
which, i n  tu rn ,  could be used t o  c o r r e l a t e  experimental da ta  ava i l ab le  
from the Vickers (1) repor t .  
Any je t  e f f e c t i v e  body should include a method fo r  r e l a t i n g  t h e  
momentum of the  f r e e  stream t o  the  momentum of the  j e t  a t  t h e  j e t  
e x i t ,  p lus  some quant i ty  t o  account f o r  t he  underexpansion of t he  jet .  
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A f ea tu re  t h a t  should a l s o  be included i n  the  development is  a 
method t o  account f o r  i n j e c t i o n  a t  var ious angles t o  the  f r e e  
stream d i rec t ion .  
The e f f e c t i v e  body model, along with i t s  dis turbance he igh t ,  
can then be used t o  c o r r e l a t e  and i f  necessary pos tu l a t e  t h e  
loca t ion  of t he  various regions wi th in  t h e  area d is turbed  by 
i n j e c t i o n  . 
Effec t ive  Body and Disturbance Height 
It should be re-emphasized t h a t  t h e  e f f e c t i v e  body has 
been developed with the  idea  i n  mind of r e l a t i n g  c e r t a i n  
proper t ies  of t he  primary and secondary streams t h a t  have been 
shown t o  be important i n  t h e  dis turbance caused by the  j e t .  The 
assumed j e t  shape, should,  however, be general ly  similar t o  the  
ac tua l  j e t ,  and has been formed with t h a t  i n  mind. That i s ,  i t  
is  expected t h a t  t he  secondary j e t  would en te r  t he  primary nozzle 
and expand t o  some l a r g e r  area, determined by the  amount of j e t  
underexpansion. The j e t  would experience mixing with the  primary 
stream and would turn  downstream. The concentration contours 
measured and reported by Zukoski and Spaid (16) po in t  out t he  
in tense  mixing of t he  two streams. They a l so  i n d i c a t e  a j e t  shape 
which is  e l l i p t i c a l  i n  cross  sec t ion  with major a x i s  perpendicular 
t o  the  primary nozzle w a l l  ( a f t e r  t he  mixing occurs i t  is  d i f f i c u l t  
t o  determine what is  je t  and what is n o t ) .  This ,  then, i nd ica t e s  
t h a t  the  e f f e c t i v e  body is more of a dis turbance i n  the  dimension 
perpendicular t o  t h e  w a l l  than i n  the  dimension para l le l  t o  i t .  
A f r o n t a l  view (from the primary upstream d i r ec t ion )  of t he  
e f f e c t i v e  body has been assumed, f o r  ana lys i s ,  t o  appear as the  
frustum of a r i g h t  cone protruding from the secondary nozzle e x i t  
(small  end of cone) i n t o  the  primary stream with a hemisphere placed 
on top of t h e  l a r g e r  end of t he  cone ( see  Figure 11). 
of the  cone is  then dje while t he  width a t  top is  d2, with a hemisphere 
of diameter d2 placed on top. 
defined as disturbance he ight  and depends upon the  proper t ies  of the  
two flows. The methods used t o  determine the  var ious dimensions are 
explained i n  subsequent paragraphs. 
The base width 
The t o t a l  height  of t he  body is 
The e f f e c t  of t he  assumed body depends upon the  projected area 
of t he  body near t h e  f r o n t a l  region and i s  therefore  independent 
of t he  spreading of the  j e t  as i t  flows from t h i s  region downstream. 
This is spec i f i ed  s ince  i t  is  known t h a t  a grea t  d e a l  of mixing 
occurs between the  primary and secondary flows i n  a shor t  d i s tance  
from i n j e c t i o n ,  and t h a t  t he  i n f l u x  of primary gas t o  t h e  secondary 
j e t  would cause an increase  of t he  e f f e c t i v e  width of the  je t .  The 
jet  would then appear wider and higher  than the  f r o n t a l  dimensions 
a t  a d is tance  downstream. Some assumptions have been made about 
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the  j e t ' s  spreading downstream but  t he  poin t  t o  be  made here  is  t h a t  
t h i s  spreading is  assumed not t o  a f f e c t  t h e  projected e f f e c t i v e  body 
area. 
The flow proper t ies  of t he  primary and secondary streams are 
re l a t ed  through the  e f f e c t i v e  body assumption. The secondary j e t  
leaves the  i n j e c t i o n  nozzle with Mach number, Mje, and diameter, d .  . 
A t  the  j e t  e x i t ,  the  momentum f l u x  of t h e  j e t  can be  r e l a t ed  t o  s tagnat ion  
proper t ies  through the  i s e n t r o p i c  r e l a t i o n s  and the  i d e a l  gas equation 
of state. That i s ,  
The momentum f l u x  of t he  j e t  can b e  separated i n t o  components 
p a r a l l e l  and perpendicular t o  t h e  primary nozzle w a l l ,  r espec t ive ly ,  
MF = MF. SIN J ,  
j x  J 
and 
MF = MF. cos J ,  
j y  J 
where J ,  is the  acute  angle between a perpendicular l i n e  t o  the  primary 
w a l l  and the  cen te r l ine  of the j e t  nozzle ,  with counter-clockwise 
as pos i t ive .  
The jet  underexpansion w a s  accounted f o r  by assuming t h a t  t h e  
j e t  expands i s e n t r o p i c a l l y  from the  jet  e x i t  p ressure ,  Ple , t o  undisturbed 
f r e e  stream pressure a t  t h e  i n j e c t i o n  p o r t ,  Pmi. The wid h of t h e  
body increases  from je t  ex i t  diameter,  dje ,  t o  a maximum width,  d2, 
defined as t h e  diameter which would e x i s t  i f  t he  j e t  w e r e  c i r c u l a r  
a f t e r  i s en t rop ic  expansion t o  P,i. Defining expansion p o t e n t i a l  as 
the  increase  i n  momentum f l u x  of the  jet  i f  i t  expanded i s en t rop ica l ly  
from je t  ex i t  pressure t o  undisturbed f r e e  stream pressure a t  t he  
i n j e c t i o n  p o r t ,  it is  
The expansion p o t e n t i a l  can be broken i n t o  components similar 
t o  the  momentum f lux.  That i s ,  
EP = EP. SIN J ,  
j x  J 
and 
EP = EP. COS J ,  j u  J 
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To account f o r  t he  force  t h a t  the  primary stream must i m p a r t  
t o  t he  j e t  i n  order t o  tu rn  i t ,  i t  w a s  assumed t h a t  the  j e t  enters 
the  primary stream with x-direction momentum f lux ,  Ml?jx, and expansion 
p o t e n t i a l ,  EP . , and leaves with momentum f l u x  i n  t h e  x-direction 
having a magn2Eude 
That is ,  t h e  en ter ing  j e t  expansion p o t e n t i a l  and momentum f l u x  i n  
the  x-direction (upstream) are spent  while t he  y-direct ional  components 
are red i rec ted  and the  expansion p o t e n t i a l  is  r ea l i zed  as acce lera t ion  
of the  je t .  This p a r t i c u l a r  accounting of the  momentum and expansion 
p o t e n t i a l  provides the  cor rec t  weighting of upstream d i r ec t ion  terms. 
The t o t a l  streamwise force  which the primary stream must impart 
t o  the  j e t  under the  assumption s t a t e d  above is then, 
A means of r e l a t i n g  the  i n t e r a c t i o n  between the  primary flow 
and the  j e t  e f f e c t i v e  body is needed a t  t h i s  po in t .  For ins tance ,  
an assumption could be  made regarding the  pressure d i s t r i b u t i o n  on 
the  e f f e c t i v e  body and the  pressure-area force  in tegra ted  over t he  
e n t i r e  area, as w a s  done by Zukoski and Spaid (16),  o r  t h e  drag of 
the  e f f e c t i v e  body could be r e l a t e d  t o  t h e  primary flow. The latter 
method w a s  adopted here ,  s ince  both involve assumptions and the  l a t t e r  
method is simpler.  The method used here  w a s  t o  equate t h e  product 
of the  momentum f lux  per  u n i t  area of t h e  primary flow 
and the  projected area of t he  e f f e c t i v e  body t o  the force  necessary 
t o  tu rn  t h e  j e t ,  Fda That i s  , 
where the  projected area i s  
2 
Aeb = ' I ( '  d .e  + 2 d 2  ) + -  'rrd2 
and dis turbance he ight ,  hd becomes 
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I d e n t i c a l  r e s u l t s  occur when the  drag coe f f i c i en t  f o r  the  
e f f e c t i v e  body i s  assumed t o  be  two and the  dis turbance height  is 
calculated.  Although a drag c o e f f i c i e n t  of two may a t  f i r s t  glance 
look u n r e a l i s t i c ,  a high value i s  expected. Much of t h e  primary flow 
ac tua l ly  mixes with t h e  j e t  r a t h e r  than flawing around it ,  and a 
s o l i d  sphere i n  a supersonic  stream without mixing has a drag coe f f i c ine t  
near one. 
A s i d e  v i e w  of t he  assumed j e t  reveals a body as depicted i n  
Figure 11 i n  which the  f r o n t a l  region i s  t h a t  po r t ion  upstream of a 
l i n e  perpendicular t o  t h e  w a l l  and passing through t h e  j e t  exi t  
center l ine .  
t o  t h e  momentum of the  j e t  i n  the  upstream d i r ec t ion .  However, no 
attempt has been made here  t o  p red ic t  t h e  l i m i t  of t h i s  penetrat ion.  
The manner i n  which the  dis turbance he ight  was  derived accounts f o r  
t he  added dis turbance of upstream in j ec t ion .  
The j e t  pene t ra t ion  i n  t h e  upstream d i r ec t ion  is  r e l a t e d  
The j e t  and primary flows mix considerably near  t he  i n j e c t i o n  
point  and i t  becomes d i f f i c u l t  t o  d i s t ingu i sh  between t h e  two i n  t he  
region downstream. The concentration contours presented by Zukoski 
and Spaid (16) i n d i c a t e  t h i s  mixing and a j e t  shape ( t h e  shape of a 
constant concentrat ion l i n e )  which i s  e l l i p t i c a l  i n  cross  sec t ion .  
It is expected t h a t  because of t h e  s t rong  vortex flow surrounding 
the  j e t  , j e t  f l u i d  is  mixed throughout t h e  region behind the  bow 
shock. 
D i rec t ly  behind t h e  j e t  e x i t  plane,  a region of j e t  separa t ion  
and back flow i s  present  which is ac tua l ly  detr imental  t o  the  des i r ed  
e f f e c t  of s i d e  force  generation. The pressures  i n  t h e  region are 
less than undisturbed w a l l  pressure due t o  the pumping e f f e c t  of t h e  
j e t ,  and cause a negat ive cont r ibu t ion  t o  t h e  s i d e  force .  The j e t  
separa t ion  e x i s t s  f o r  a length Lr u n t i l  t h e  j e t  rea t taches  t o  the  
w a l l .  The length from the  cen te r l ine  of i n j e c t i o n  t o  reattachment 
of t he  j e t  should b e  dependent on t h e  dis turbance he ight  of t he  jet  
and the  ve loc i ty  of t he  j e t  as i t  e n t e r s  t he  primary flow. 
of tests i n  reference 1 do not include enough pressure  d a t a  i n  the  j e t  
region f o r  determination of t h e  exact  l oca t ion  of reattachment. 
The r e s u l t s  
The vortex present  i n  the separa t ion  behind t h e  j e t  does not  
appear s t rong  enough t o  cause erosion problems. The nozzles used 
i n  the  Vickers tests showed no erosion i n  t h a t  region ( i . e . ,  see 
Figure 1 2 ) .  
The je t ,  as viewed from t h e  top again shows rap id  spreading 
i n i t i a l l y  with a continuing gradual spreading downstream. 
c l ea r ly  shown i n  the  concentrat ion p r o f i l e s  presented by Zukoski and 
Spaid (16) and i n  photographs of t he  spreading of l i q u i d  jets in j ec t ed  
i n t o  supersonic streams presented by Kaplin, Horn, and Reichenbach (21) .  
This is  a l s o  
Along the  w a l l  sur face ,  t h e  area a f f ec t ed  by t h e  j e t  i s  d i f f i c u l t  
t o  l o c a t e  exact ly .  An approximation of t h e  boundary of t h i s  area has been 
made with t h e  use of t h e  shock l i n e  shape (see next sec t ion)  with a multi-  
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plying constant  determined from t h e  few tests (1) which d id  provide 
pressure d a t a  i n  t h i s  area. The equation f o r  t h e  boundary of t h i s  
region is then 
where R8 is the  c i rcumferent ia l  d i s t ance  along t h e  primary nozzle w a l l  
from a plane through t h e  secondary nozzle  e x i t  p a r a l l e l  t o  the  primary 
stream and X j  is  the  d i s t ance  from t h e  upstream edge of t he  secondary 
je t  i n  the  downstream d i r e c t i o n  along the  w a l l .  
Strong Vortex Region 
The loca t ion  of the  boundaries of t h e  s t rong  vortex region is 
important s ince  the  major p a r t  of e ros ion  present  i n  the  Vickers test 
nozzles occurred wi th in  t h i s  region and could be de t r imenta l  t o  any 
fu tu re  appl ica t ion  of gaseous secondary i n j e c t i o n  t h r u s t  vector  cont ro l .  
The ex is tence  of a d i s t i n c t  region where the  flow near t he  w a l l  is 
towards i n j e c t i o n  on the  upstream s i d e  and toward the  cen te r l ine  as 
one proceeds downstream i s  evident  from the  china-clay pa t t e rns  of 
Amick and Hays (Figure 9 ) .  
Smith (2) from the  Vickers nozzles and reproduced i n  Figure 1 2  are 
fu r the r  evidence of t h i s  region. 
The d i s t i n c t  erosion pa t t e rns  reported by 
The flow near t he  w a l l  is  a vortex with downward flow along t h e  
outer  boundary of t h e  s t rong  vortex region and outward flow on t h e  
je t  s i d e  of t he  region. The vortex is bent  around the  i n j e c t i o n  
po r t  and j e t  i n  a horseshoe shape as i n  t h e  model descr ip t ion ,  and 
therefore  is highly three-dimensional i n  nature .  That is, the  
r o t a t i n g  flow of t he  vortex has a downstream flow component super- 
imposed on i t  which becomes more pronounced i n  proceeding from i t s  
o r ig in  downstream. I n  f a c t ,  the  china-clay pa t t e rns  (Figure 9) 
i nd ica t e  a flow very near ly  paral le l  t o  the  region boundaries 
downstream. 
The flow, i t  is bel ieved,  i s  i n  t h e  most p a r t  made up of primary 
gases with some entrainment of secondary gases. The primary flow 
is driven downward onto t h e  nozzle w a l l  by the  high pressures  e x i s t i n g  
behind the  bow shock. I n  the  region near  t h e  j e t ,  t o  be compatible 
with the  j e t ,  t he  primary flow must be  outward. The vortex is  constant ly  
receiving m a s s  from t h e  primary flow as it  proceeds downstream. 
Before the  Vickers tests w e r e  published Charwat and Allegre 
(17),  recognizing the  various areas as described i n  t h i s  model, had 
postulated t h a t  t he  vortex flow w a s  made up of j e t  gases,  as shown 
i n  t h e i r  model descr ip t ion  (see Figure 8); however, with the  erosion 
pa t t e rns  and the  r e l a t i v e l y  low temperature of t he  secondary gas i n  
the  Vickers tests, the  vortex,  i t  would appear, must be made up mainly 
of primary flow (high temperature with aluminum oxide present ) .  
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I f  t h i s  is co r rec t ,  two separa te  mechanisms, or possibly a 
combination of the  two, may cause the  erosion.  F i r s t ,  t h e  e ros ion  
could be a pure erosion caused by the  high ve loc i ty  of t h e  vortex 
near the  w a l l ,  wi th  poss ib le  vortex s t r e t c h i n g  and increase  of 
ve loc i ty  as i t  proceeds downstream. I n  t h i s  case, t h e  erosion would 
be due mainly t o  the  high shear  caused by t h e  vortex on t h e  w a l l  
wi th  increased erosion p o t e n t i a l  r e s u l t i n g  from t h e  high temperature 
of t he  gases. Secondly , a burning e f f e c t  due t o  high temperature 
aluminum oxide could cause the  erosion i f  t h e  oxide w e r e  forced onto 
the sur face  by the  vortex.  I n  t h i s  case, t h e  oxide would en te r  t h e  
vortex and b e  forced i n  a d i r e c t i o n  around the  j e t  and down onto t h e  
nozzle w a l l .  The Vickers test rockets  a l l  contained highly aluminized 
propel lan ts  such t h a t  ample amounts of oxide would b e  present .  The 
temperature of the  p a r t i c l e s  would be much higher  than t h a t  of t h e  
gases s ince  t h e i r  i n t e r n a l  energy i s  no t  converted t o  k i n e t i c  energy. 
It is  d i f f i c u l t  with the  evidence a t  hand t o  present  p o s i t i v e  
statements about the  exact  causes of e ros ion ,  b u t  i t  i s  f e l t  t h a t  t h e  
two p o s s i b i l i t i e s  described above are ce r t a in ly  involved, and t h a t  
the  latter is more promising at the  moment. 
The d a t a  are not  s u f f i c i e n t  i n  the  Vickers tests f o r  l oca t ion  of 
the outer  boundary of t he  vortex region. It w a s  necessary,  therefore ,  
t o  pos tu l a t e  i t s  loca t ion  basing t h i s  on what information w a s  ava i lab le .  
The boundary has been t i e d  t o  the  bow shock impingement l i n e  described 
i n  previous paragraphs because of t he  high pressures  which e x i s t  behind 
the  shock and the  l ikel ihood t h a t  t h i s  is  t h e  dr iv ing  force  behind t h e  
vortex.  The bow shock does not a c t u a l l y  impinge on t h e  w a l l ,  s i n c e  t h e  
flow is  less than sonic  a t  some loca t ion  above t h e  w a l l ,  and t h e  e f f e c t  
of the  pressure  jump across  the  shock would be damped s o  t h a t  t h e  pressure  
rise across  the  shock impingement l i n e  would be  less than t h a t  across  
the  shock. 
vortex flow and t h e  next  region would therefore  probably be  behind the  
impingement l i n e .  But f o r  s impl ic i ty  t h e  shock l i n e ,  impingement l i n e ,  
and boundary between the  vortex and separa t ion  regions w i l l  a l l  be  
assumed t h e  same and r e fe r r ed  t o  as t h e  shock l i n e .  
The a c t u a l  l oca t ion  of t he  s tagnat ion  l i n e  between t h e  s t rong  
To l o c a t e  the  pos i t i on  of t h e  shock l i n e  i t  is necessary t o  spec i fy  
i ts  shape and the  loca t ion  of t h e  apex. The loca t ion  of t he  apex has 
been cor re la ted  i n  a paper by Evers (20) f o r  son ic  i n j e c t i o n  of cold 
gas i n t o  a supersonic cold gas stream with d i r e c t i o n  perpendicular t o  
the  primary flow. 
o r ig in  displacement" of t h e  bow shock with a radius  determined from 
b l a s t  wave theory,  and relates t h e  normalized displacement t o  Mach 
number. Although the  experiments and t h e  co r re l a t ion  involve only 
perpendicular ,  sonic ,  cold gas i n j e c t i o n ,  t he  equations used by Evers 
as obtained from Dahm (19) do include a method of accounting f o r  in -  
j e c t i o n  a t  an angle with supersonic gases.  It w a s  assumed t h a t  t h e  
co r re l a t ion  obtained by Evers would a l s o  apply t o  t h e  Vickers (1) 
test  conditions and a method w a s  sought t o  relate these  f indings t o  
the  dis turbance height  and je t  width of t he  present  ana lys i s .  It 
w a s  des i r ab le  t o  relate a l l  of the  dimensions t o  one ana lys i s  f o r  
s impl ic i ty  bu t  an attempt t o  c o r r e l a t e  t he  Vickers da t a  with b l a s t  
wave rad ius  w a s  not  successful .  
ca l cu la t ing  the  predicted apex loca t ion  f o r  each of t he  Vickers tests, 
I n  t h i s  presenta t ion ,  Evers normalizes the  "horizontal  
The procedure f i n a l l y  used involved 
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using Evers' method, and then r e p l o t t i n g  these r e s u l t s  aga ins t  j e t  
expansion width with both normalized by dis turbance height .  These 
poin ts  are Shawn on Figure 13  with an approximating s t r a i g h t  l i n e  
curve given by 
+ 0.091. = 0.577 - Lb 
hd hd 
d2 - 
The poin ts  do not  represent  d a t a  and have been used i n  t h i s  way 
merely t o  i n d i c a t e  the  procedure used f o r  pos tu la t ing  the  loca t ion  
of the  apex of the  bow shock. It  should be made clear t h a t  t h i s  i s  
merely a comparison between one method of pred ic t ing  and another and 
is  not  t i e d  d i r e c t l y  t o  experimental d a t a  with t h e  condi t ions of t h e  
Vickers tests . 
I f  t h e  bow shock apex is  assumed t o  be located as described above, 
a shape as i t  impinges on the  w a l l  i s  needed. The authors w e r e  unable 
t o  f ind d a t a  o r  pred ic t ions  i n  the  l i t e r a t u r e  which ind ica ted  the  
shape of t h i s  shock as i t  impinges on t h e  sur face .  There are d a t a  
ava i lab le ,  however, i n  which the  shock shape i n  t h e  plane of i n j e c t i o n  
p a r a l l e l  t o  the main stream has been co r re l a t ed  with reasonable 
accuracy (Zukoski and Spaid (16)) .  It w a s  f e l t  t h a t  the  shape of t he  
shock i n  a plane near t he  w a l l  perpendicular t o  t h e  plane of i n j e c t i o n  
would be  s i m i l a r  t o  the  shape i n  t h e  plane of i n j e c t i o n ,  and would 
d i f f e r  only by a scale f ac to r .  The spread of t h e  shock l i n e  i n  t h e  
plane of i n j e c t i o n  is  g rea t e r  than the  spread i n  a plane perpendicular 
to i n j e c t i o n ,  and t h e  da t a  presented by Charwat and Allegre (17) 
ind ica ted  t h a t  t he  spreading is i n  t h e  r a t i o  of 1 to 0.65 f o r  t h e  
d is tance  from the  l i n e  of i n t e r s e c t i o n  of the  two planes t o  the  shock 
l i n e .  The shape of t he  j e t  ind ica t e s  t h e  same idea ,  as i t  i s  obvious 
t h a t  the  j e t  presents  more of a dis turbance perpendicular t o  the  w a l l  
than p a r a l l e l  t o  it. 
With t h e  above reasoning as a pos tu la t ion  of t h e  shock l i n e ,  t he  
co r re l a t ion  of shock shape presented by Zukoski and Spaid (16) and 
r e l a t ed  t o  t h e i r  pene t ra t ion  he ight  w a s  used here .  The procedure w a s  
similar t o  t h a t  f o r  t he  apex loca t ion  i n  t h a t  t h e  shape was  ca lcu la ted  
by the  method of Zukoski and Spaid then r e l a t e d  t o  dis turbance height .  
A p l o t  of t h e  poin ts  and t h e  approximating curve are presented i n  
Figure 1 4  wi th  the  same conditions t h a t  w e r e  s t a t e d  f o r  Figure 13. 
The equation f o r  shock shape as found from above becomes, 
where xb is  the  d is tance  from t h e  bow shock apex downstream and t h e  
constant 1.12 represents  0.65 t i m e s  t h e  value obtained from f i t t i n g  
t o  the  Zukoski and Spaid co r re l a t ion  (Figure 14) .  
It should be emphasized again t h a t  lack of d a t a  d i r e c t l y  r e l a t e d  
t o  bow shock shape c lose  t o  the  w a l l  has  forced a pos tu la t ion  of t h a t  
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shape through r e l a t e d  values .  It should a l so  be r e s t a t ed  t h a t  i t  
w a s  des i r ab le  t o  relate the  e n t i r e  model descr ipton and p red ic t ion  
t o  e f f e c t i v e  body dimensions as developed i n  t h i s  ana lys i s ,  and 
fo r  t h a t  reason the  apex loca t ion  and shock shape have been recor- 
r e l a t ed  i n  t h i s  manner. 
Separation Region 
Recall ing the  d e f i n i t i o n  of t h e  separa t ion  l i n e  as a l i n e  
represent ing the  f i r s t  p ressure  rise above undisturbed w a l l  p ressure ,  
the separa t ion  region i s  t h a t  region between the  separa t ion  l i n e  
and t h e  bow shock, as shown i n  Figure 10. 
The separa t ion  l i n e  represents  simultaneously a pressure rise 
and a thickening of t he  turbulen t  boundary layer .  The thickening 
of the  boundary l aye r  i s  a r e s u l t  of a downstream pressure  rise which 
must be  overcome by the  momentum i n  t h e  boundary l aye r .  
continued thickening and u l t imate  separa t ion .  
po in t ,  backflow i s  present  i n  t h e  boundary layer .  
which t h i s  e f f e c t  is f e l t  upstream i s  s i g n i f i c a n t l y  less fo r  tu rbulen t  
layers  than f o r  laminar boundary l a y e r s .  The pressure  rise cannot 
of course, be fed upstream i n  the  supersonic flow i f  the  flow is t o  
remain supersonic.  
It causes 
Beyond the  separa t ion  
The ex ten t  t o  
I n  t h e  case of po r t  i n j e c t i o n  ( t h e  only one considered here)  t he  
separated flow d i r e c t l y  upstream from i n j e c t i o n  can be  around t h e  
obs t ruc t ion  and downstream. Because of t h i s ,  t he  separa t ion  is expected 
t o  be considerably d i f f e r e n t  from t h a t  occurring i n  two-dimensional 
s l o t  i n j ec t ion .  I n  t h e  la t ter ,  the  separated boundary layer  must 
negot ia te  the  i n j e c t i o n  f l u i d  by flowing completely over i t ,  and cannot 
r i d  i t s e l f  of the  continuing i n f l u x  of mass by flowing around. Therefor 
a l a rge  wedge-like body i s  "seen" by t h e  primary flow, such t h a t  t h e  
main shock is determined by the  wedge angle while t h e  bow shock i s  
less pronounced and ac tua l ly  becomes p a r t  of t he  wedge shock. With 
por t  i n j e c t i o n ,  t he  continuous i n f l u x  of mass t o  t h e  boundary l aye r  
is  changed i n  d i r e c t i o n  and flows around the  obs tac le  encountered. 
Three-dimensional e f f e c t s  are present  and a l ter  any ana lys i s  of t h i s  
from two-dimensional concepts considerably.  For ins tance ,  t h e  length 
of separa t ion  is  expected t o  be shortened i n  comparison with separa t ion  
lengths  i n  two-dimensional i n j e c t i o n  and flow over s t eps .  Because of 
t h i s ,  t he  majori ty  of r epor t s  concerned with separa t ion  caused by 
obstacles  i n  a supersonic flow do not  apply t o  t h e  case a t  hand. 
The separa t ion  is then assumed t o  be a r e s u l t  of t h e  l a r g e  pressure  
increase  across  t h e  bow shock ( a t  least i n  t h e  area d i r e c t l y  upstream 
from i n j e c t i o n ) ,  and the re fo re  dependent on t h e  shock loca t ion  and the  
width of t h e  obs tac le  i t  must flow around. The upstream separa t ion  
d is tance  has  been cor re la ted  by dis turbance he ight  and j e t  width i n  t h e  
same manner used t o  p red ic t  bow shock or ig in .  
Figures 15 and 16 are curves of normalized separa t ion  d is tance  
versus jet  width f o r  son ic  and supersonic i n j e c t i o n ,  respec t ive ly .  
A s  i s  evident  i n  the  comparison of t he  two s t r a i g h t - l i n e  approximations 
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of the  curves,  as shown i n  Figure 1 7 ,  t h e  l i n e s  are p a r a l l e l  and 
d i f f e r  only by a constant.  This r e s u l t  i nd ica t e s  a d i f fe rence  
between t h e  two types of i n j e c t i o n  such t h a t  the  separa t ion  d is tance  
f o r  supersonic flow is always l a r g e r  than f o r  son ic  a t  a given 
dis turbance height  and je t  expansion width. An examination of t hese  
r e s u l t s  revealed t h a t  f o r  two i n j e c t i o n  cases with the  same s tagnat ion  
proper t ies  and m a s s  f low(area a t  t h r o a t ) ,  one son ic  and the  o ther  
supersonic , the  r e l a t i o n s  as developed w i l l  p r ed ic t  i d e n t i c a l  j e t  
expansions widths,  d2,  but  the  predicted dis turbance height  fo r  t h e  
sonic  i n j e c t i o n  w i l l  be  larger. This is  opposite from what has been 
shown i n  the  pas t  t o  be t r u e ,  which is  t h a t  supersonic i n j e c t i o n  under 
the  same conditions causes more dis turbance.  The d i f fe rence  as 
calculated from the  present  model is s m a l l  and comes from the  f a c t  
t h a t  under t h e  conditions s t a t e d  above (same mass flow and s tagnat ion  
proper t ies )  the  je t  e x i t  diameter is  l a r g e r  f o r  supersonic flow and 
causes a g rea t e r  drag area for  t h e  e f f e c t i v e  body. This i nd ica t e s  
t h a t  the  momentum of the  j e t  as i t  leaves the  secondary nozzle,  as i t  
relates t o  expansion p o t e n t i a l ,  is  not  adequately accounted f o r  i n  the  
e f f e c t i v e  body development. It is  unfortunate  t h a t  the  upstream 
dis tance  does not c o r r e l a t e  i n  t h e  same way f o r  both sonic  and super- 
sonic  in j ec t ion .  The co r re l a t ion  presented here  w a s  chosen a f t e r  
numerous a t t e m p t s  a t  a combined co r re l a t ion .  
With t h e  co r re l a t ion  as presented, the  cor rec t  increase  i n  
dis turbance caused by supersonic i n j e c t i o n  i s  accounted f o r  through 
the constant ,  so  t h a t  t he  main purpose has been served. 
S t r a igh t  l i n e  curve f i t s  through each of the  da ta  sets follow 
the equations , 
d2 - -  - 1.65 - - 0.03 LS 
hd hd 
f o r  supersonic i n j e c t i o n ,  and 
LS d2 - = 1.65 - - 0.28 
hd hd 
fo r  sonic  in j ec t ion .  
upstream separa t ion  l i n e  o r i g i n  i n  the  sec t ions  t o  follow. 
The above equations have been used t o  p red ic t  
The shape of t he  separa t ion  l i n e  i n  the  downstream d i r ec t ion  
becomes t h e  las t  major boundary t o  be es tab l i shed .  Since the  bow 
shock represents  t he  inner  boundary of the  separa t ion  region, i t  
forms an obs tac le  about which t h e  separated f l u i d  must flow. This 
being the  case, the  co r re l a t ion  of t h e  separa t ion  l i n e  would be 
expected t o  be similar t o  t h a t  of t h e  shock l i n e .  The order i n  which 
the equations w e r e  developed w a s ,  of course,  opposite t o  what i s  
presented here  s ince  the  separa t ion  l i n e  da ta  w e r e  t he  only da t a  
avai lable .  However , t h e  reasoning followed t h e  sequence presented 
above . 
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The dimensions of t he  separa t ion  l i n e s ,  as presented i n  t h e  
Vickers (1) r epor t ,  have been used as d a t a  and cor re la ted  with t h e  
use of dis turbance he ight  as a normalizing parameter. These d a t a  
are not d a t a  i n  the  usual  sense because the  l i n e s  are ac tua l ly  
placed on the  drawings as a r e s u l t  of pressure d a t a  ( i n  t h e  pos i t i on  
of f i r s t  p ressure  r i s e ) .  Nevertheless,  t h i s  w a s  a necessary method 
of present ing the  co r re l a t ion .  
drawn i n  t h e  Vickers r epor t  w a s  made and a group of twelve w a s  chosen 
which appear t o  have a j u s t i f i e d  loca t ion  due t o  t h e  pressure da t a .  
A t  least two w e r e  chosen from each test group (not including tes t  2) 
and a l l  are c l ea r ly  bounded by t h e  pressure  taps  except those i n  
test 1 which, because of the  loca t ion  of t he  t aps ,  have a g rea t e r  
chance f o r  e r r o r .  The more reasonable l i n e  shapes f o r  t h i s  test 
w e r e  chosen. The same group w a s  used f o r  t h e  da t a  cor re la ted  i n  
Figures 15 and 16 and t h e  values represented i n  Figures 1 2  and 13. 
A c a r e f u l  study of t he  l i n e s  as 
The loca t ion  of po in t s  along the  separa t ion  l i n e  w a s  taken a t  
i n t e r v a l s  of ten  degrees beginning with zero and ending with the  
l i n e  as it  crossed t h e  nozzle e x i t .  These values w e r e  then 
normalized by dis turbance he ight  and p lo t t ed  i n  Figure 18. They 
are p lo t t ed  as poin ts  f o r  lack of a b e t t e r  method but  are not 
ac tua l ly  measured o r  ca lcu la ted  d a t a  as a p lo t t ed  poin t  normally 
i m p l i e s .  
A curve following the  equation 
follows t h e  da ta  w e l l  and is  presented i n  Figure 18 as a l i n e .  
is the  dimension from the  apex of t he  separa t ion  l i n e  downstream 
along the  w a l l .  
Xs 
The equation as presented here  is i n  terms of R0 as one 
coordinate. This method w a s  used s i n c e  i t  was  f e l t  t h a t  t h e  separa t ion  
was  pr imari ly  a wall-length-dependent function. I n  the  case of f l a t  
p l a t e  i n j e c t i o n ,  t he  dimension along t h e  w a l l  may be  subs t i t u t ed  f o r  
Re.  The same coordinates w e r e  chosen f o r  t he  shock l i n e  and j e t  
width,  f o r  consistency . 
The co r re l a t ions  of both separa t ion  l i n e  o r i g i n  and the  l i n e  
i t s e l f  could be presented as r e s u l t s  s i n c e  they represent  co r re l a t ions  
of da t a  t h a t  here tofore  w e r e  not ava i lab le .  They have been presented 
i n  the  ana lys i s  s ec t ion  because of t h e  o r i g i n a l  statement of approach 
used t o  so lve  the  problem. That is ,  i t  w a s  des i red  t o  p red ic t  
the  bounds of the  s i g n i f i c a n t  regions within t h e  i n t e r a c t i o n  area 
with the  use of empir ical  methods. This required a co r re l a t ion  of 
ex i s t ing  d a t a  which could then be  the  bas i s  f o r  pred ic t ing  equations.  
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COMPARISON OF FLOW REGION ANALYSIS 
WITH EXPERIMENTAL DATA 
The purpose of t h i s  i nves t iga t ion  w a s  t o  analyze the  flow i n  
a rocket nozzle i n  the  presence of gaseous secondary in j ec t ion .  The 
method of approach w a s  t o  develop a simple e f f e c t i v e  body ana lys i s  
and determine c h a r a c t e r i s t i c  dimensions f o r  t he  disturbance caused 
by secondary in j ec t ion .  
t o  c o r r e l a t e  ava i lab le  experimental da t a ,  as p a r t  of t he  ana lys i s ,  
and thereby lead t o  equations which p red ic t  the  e f f e c t s  of 
i n j ec t ion .  
The c h a r a c t e r i s t i c  dimensions w e r e  used 
The co r re l a t ions ,  as presented i n  the  ana lys i s  s ec t ion ,  are 
ac tua l ly  r e s u l t s  i n  themselves and should be regarded as such. 
The separa t ion  l i n e  da ta  have been cor re la ted  with t h e  character-  
i s t i c  dimensions of dis turbance he ight  and expansion width as shown i n  
Figures 15,  16 and 18  of the  l as t  sec t ion .  These cor re la t ions  alone 
ind ica t e  t h a t  the  major e f f e c t s  of secondary i n j e c t i o n  on separa t ion  
l i n e  loca t ion  w e r e  included i n  the  model. That i s ,  the  inc lus ion  i n  
e f f e c t i v e  body of a c h a r a c t e r i s t i c  width has been valuable f o r  r e l a t i n g  
the  upstream o r ig in  of the  separa t ion  l i n e  t o  proper t ies  of the  j e t .  
The f a c t  t h a t  the  sonic  and supersonic separa t ion  dis tances  do not  
co r re l a t e  t o  the same re l a t ionsh ip  does, however, i nd ica t e  t h a t  t h e  
d i f fe rences  between t h e  two flows are not f u l l y  accounted f o r  by the  
model. Disturbance height  includes f ea tu res  from both the  primary 
and secondary flows and, as a normalizing c h a r a c t e r i s t i c  dimension, 
co r re l a t e s  t he  separa t ion  l i n e  shape w e l l .  
I n  addi t ion ,  t he  o r i g i n  and shape of the  bow shock have been 
recor re la ted  from other  methods and used (with a pos tu la t ion  of t h e  
width near the  wal l )  t o  l oca t e  the  boundary between the  separa t ion  
and s t rong  vortex regions.  Again, t he  c h a r a c t e r i s t i c  je t  width 
accounts f o r  the  e s s e n t i a l  fea tures  a f f ec t ing  t h e  hor izonta l  
o r ig in  displacement of the  bow shock, and dis turbance height  
charac te r izes  the  i n t e r a c t i o n  between the  two flows. 
The co r re l a t ion  equations f o r  t h e  separa t ion  l i n e ,  predicted 
shock l i n e  and je t  region l i n e  can be  compared with ava i l ab le  
da ta .  The da ta  cons is t  of w a l l  s t a t i c  pressure measurements taken 
during the  Vickers (1) tests. Several  pressure taps  w e r e  located 
along the  primary nozzle w a l l  i n  the  v i c i n i t y  of i n j ec t ion .  The 
pressure on each tap w a s  recorded throughout each test ( i g n i t i o n  
t o  burnout of primary propel lan t ) .  A t  various t i m e s  during each 
test, the  recorded values of pressure w e r e  presented as they 
appeared on the nozzle w a l l  along with other  pe r t inen t  flow data .  
The a n a l y t i c a l  p red ic t ions  of t he  region boundaries can be 
compared with experimental f indings by p l o t t i n g  t h e i r  loca t ions  as 
they would appear on the  nozzle w a l l .  
da ta  superimposed on t h e  w a l l ,  a d i r e c t  comparison between the two 
can be made. 
With the  addi t ion  of pressure 
-4 1- 
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Comparisons between the  predicted l i n e s  and experimental pressure 
values have been made and are presented i n  Figures 19 through 30.  The 
primary and secondary flow conditions f o r  each test depicted i n  t h e  
f igu res  are l i s t e d  i n  Table I. 
A set  of twelve conditions w a s  chosen t o  present  t h e  r e s u l t s .  
Three flow conditions f o r  each of four  tests from the  Vickers r e p o r t  
have been used; they include one high flow, one mid flow, and one low 
flow s i t u a t i o n .  T e s t s  1, 3 ,  4 ,  and 5 are represented with test 2 
eliminated because of t h e  unsteady condition p reva i l i ng  i n  t h a t  test ,  
and with test 6 eliminated because mult iple  i n j e c t i o n  p o r t s  were used 
and the  i n t e r a c t i o n  flows overlap. 
The conditions on t h e  four tests include both sonic  and super- 
sonic  secondary i n j e c t i o n .  In j ec t ion  angles of 15 and 35 degrees 
upstream from a perpendicular t o  the  primary w a l l  (0 and 20 degrees 
relative t o  primary nozzle cen te r l ine )  are represented, as are t h r e e  
d i f f e r e n t  i n j e c t i o n  diameters. 
The nozzle w a l l  pressures are presented a t  t h e  pressure t ap  
locat ions i n  two ways. The values p r in t ed  above t h e  pressure t a p s  
represent  the d i f f e rence  between absolute  pressure and undisturbed 
w a l l  pressure .  That is ,  p o s i t i v e  values i n d i c a t e  pressures above 
undisturbed w a l l  pressure while negative values i n d i c a t e  pressures  
below undisturbed pressure.  The values p r in t ed  below t h e  pressure 
tap  are absolute  pressures .  Both numbers are given i n  pounds p e r  
square inch. This method of p re sen ta t ion  d i f f e r s  from t h a t  used i n  
the  Vickers r e p o r t ,  i n  order  t o  show t h e  d i s t r i b u t i o n  of absolute  
pressure.  This d i s t r i b u t i o n  is  s i g n i f i c a n t  i n  t h e  j e t  separat ion 
and reattachment region behind t h e  i n j e c t i o n  nozzle.  
t he  pressure differences (p r in t ed  above t h e  pressure taps) i n  t h e  
j e t  region a t  f i r s t  glance i n d i c a t e  an inc rease  i n  pressure i n  t h e  
downstream d i r e c t i o n  from t h e  je t .  A look a t  absolute  pressures i n  
t h i s  region ind ica t e s  a l eve l ing  o f f  t o  an almost constant value i n  
the  downstream d i r ec t ion .  The magnitude of t hese  values is  e s s e n t i a l l y  
the  same f o r  a l l  tests. 
For in s t ance ,  
The pressure d i f f e rence  (pr inted above the taps)  is  s i g n i f i c a n t  
s i n c e  i t  r ep resen t s  t h e  contr ibut ion t o  s i d e  fo rce  a t  t h e  p a r t i c u l a r  
locat ion,  and the  s i g n  on t h e  d i f f e rence  ind ica t e s  t h e  d i r e c t i o n  of 
the  contr ibut ion.  
An i d e a l  p red ic t ion  of the  sepa ra t ion  l i n e  would p l ace  t h e  l i n e  
a t  a p o s i t i o n  with o r i g i n  upstream from i n j e c t i o n ,  enclosing t h e  
e n t i r e  i n t e r a c t i o n  region. The i d e a l  l i n e  would always be located 
between pressure taps  on the  upstream s i d e ,  i n d i c a t i n g  no inc rease  
over undisturbed w a l l  pressure,  and taps  on t h e  downstream s i d e ,  
i nd ica t ing  an increase.  
The pressure i n  t h e  separated region (between separat ion l i n e  
and shock l ine) should increase rap id ly  i n  t h e  d i r e c t i o n  of the shock 
l i n e  t o  a value approximately twice undisturbed w a l l  pressure,  wi th  a 
-43- 
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s h o r t  p l a t eau  i n  f r o n t  of t h e  shock l i n e .  The shock l i n e  should then 
be located between t h i s  plateau pressure level with a sharp inc rease ,  
then decrease,  such t h a t  t h e  pressure level rises t o  as much as 3 
o r  4 t i m e s  undisturbed pressure upstream from i n j e c t i o n ,  then decreases 
back t o  t h e  plateau value.  
and according t o  Dowdy and Newton's ( 4 )  reported da ta  would be of 
s h o r t  du ra t ion  and d i f f i c u l t  t o  l o c a t e  with the  spa r se ly  populated 
pressure d a t a  on t h e  Vickers repor t .  Far ther  along t h e  shock l i n e  
downstream, t h e  pressure rise across  t h e  shock l i n e  is  expected t o  
be much less. 
j e t  l i n e  t o  approximately t h e  ex ten t  of undisturbed w a l l  pressure.  
This peak is  a r e s u l t  of t h e  bow shock, 
The pressure should decrease i n  the  d i r e c t i o n  of t h e  
It should be remembered t h a t  the  j e t  l i n e  denotes a l i n e  represent- 
i ng  the  l i m i t  of j e t  e f f e c t s  on t h e  w a l l  ( t h a t  i s ,  e f f e c t s  which occur 
because of t he  curvature of t h e  j e t  and t h e  back flow under the  j e t ,  
not t o t a l  e f f e c t s  s i n c e  t h i s  would represent  t he  e n t i r e  i n t e r a c t i o n  
region).  
be undisturbed w a l l  pressures  and pressures wi th in  t h e  region should 
be less than undisturbed pressure , w i t h  lower values d i r e c t l y  behind 
the  secondary po r t  and increasing values downstream u n t i l  reattachment 
occurs. The pressure then becomes r e l a t i v e l y  constant.  
The pressures along t h e  w a l l  a t  the  j e t  l i n e  should i d e a l l y  
The curves as presented i n  Figures 19 through 30 c lose ly  approx- 
imate t h e  expected bounds of t he  th ree  regions.  A tendency t o  over- 
p red ic t  t h e  sepa ra t ion  l i n e  curvature f o r  high secondary t o  primary 
mass flow rates has been not iced;  however, t he  p a r t i c u l a r  example 
presented (Figure 27) r ep resen t s  t he  worst p red ic t ion  encountered. 
The l imited number of pressure t aps  i n  the  vortex region makes 
i t  d i f f i c u l t  t o  confirm t h e  predict ions of t he  shock l i n e .  The d a t a  
t h a t  do exist ( p a r t i c u l a r l y  i n  T e s t  5) i n d i c a t e  t h a t  t h e  p red ic t ion  
is compatible with the  l imi t ed  da ta .  
The pressure taps  i n  Tests 4 and 5 are d i s t r i b u t e d  i n  such a 
way t h a t  t h e  j e t  region is p a r t i a l l y  defined. A comparison of t h e  
predicted l i n e  with these pressure da t a  i n d i c a t e  t h a t  t h e  loca t ion  i s  
defined w e l l  wi thin the  l i m i t a t i o n s  of t h e  da ta .  The l i n e  is a l s o  
p lo t t ed  f o r  t he  o the r  tests; however, t h e  da t a  are i n s u f f i c i e n t  f o r  
comparison with t h e  j e t  l i n e  because most of t h e  pressure taps are 
located ou t s ide  of t h e  region. 
The eroded region present  i n  the  Vickers test nozzles has been 
r e l a t e d  t o  t h e  s t rong  vortex region i n  t h e  a n a l y s i s ,  The erosion, i t  
is supposed, r e s u l t s  from t h e  high ve loc i ty  vortex forcing the  
hot  aluminum oxide t o  t h e  su r face  from t h e  primary stream. 
The erosion p a t t e r n s  f o r  one test are depicted i n  Figure 12 as 
Smith presented them i n  h i s  paper (2 ) .  
occurring during an e n t i r e  test (42 seconds of primary flow). 
ana lys i s  of t he  ex ten t  and depth of t h e  erosion must include the  
f a c t  t h a t  during a given test, t h e  secondary flow rate var ied consid- 
erably,  causing the s t rong  vortex t o  s h i f t  l oca t ions  over t h e  i n t e r -  
ac t ion  region. Because of t h i s  v a r i a t i o n ,  t h e  erosion should include 
the  maximum and minimum ex ten t  of the  s t rong  vortex region f o r  a test 
and cannot be used t o  i d e n t i f y  t h e  region a t  a s p e c i f i c  flow rate. 
They represent  t o t a l  erosion 
Any 
-5 7- 
The erosion pa t t e rns  i n  the  v i c i n i t y  of t he  left-hand secondary 
nozzle (Vickers no ta t ion)  of T e s t  4 are reproduced i n  Figures 31 and 
32. Superimposed on these  pa t t e rns  are the region boundaries predicted 
from t h e  ana lys i s  f o r  conditions of f u l l  secondary flow and approximately 
ha l f  flow (Figures 31 and 32 respec t ive ly) .  The flow conditions are 
included i n  Table I. 
Clear ly ,  the  f u l l  flow condition closely approximates the  maximum 
extent  of both the  s t rong  vortex region (deep erosion) and the 
separa t ion  region ( l e s s e r  t o t a l  e ros ion) .  A s  the  secondary flow i s  
decreased t o  approximately h a l f ,  t h e  th ree  regions decrease t o  t h e  
s i z e  shown i n  Figure 32. Again, t h i s  loca t ion  is i n  accord with the  
expected r e s u l t s .  
The half-flow conditions represent  values c lose  t o  those which 
would e x i s t  i n  the  secondary nozzle f o r  t he  longest  durat ion during 
a test. That i s ,  according t o  the  valve program, the  half-flow 
conditions e x i s t  f o r  approximately one-third of t he  t e s t i n g  t i m e  
while f u l l  flow conditions e x i s t  f o r  only one-eighth the  t i m e .  
-5 8- 
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SIDE FORCE ANALYSIS 
Introduct ion 
The s i d e  forces  caused by gaseous secondary i n j e c t i o n  i n t o  a rocket 
nozzle can be  separated i n t o  th ree  d i f f e r e n t  c l a s s i f i c a t i o n s  f o r  ana lys i s .  
The pressure on the  rocket nozzle w a l l  i n  the  regions where t h e  flow 
is  d is turbed  by the  secondary i n j e c t i o n  is  d i f f e r e n t  from the free-stream 
undisturbed pressure.  A n e t  s i d e  force  r e s u l t s  from the  pressure d i s tu r -  
bance whenever the  disturbances on opposi te  nozzle w a l l s  d i f f e r .  
Another force i s  caused by the  d i f fe rence  i n  pressure ac t ing  on the  
i n j e c t i o n  nozzle area when the  i n j e c t i o n  pressure and undisturbed nozzle 
pressure are not t h e  same. 
The t h i r d  type of force  encountered is  the momentum e f f e c t  of t he  
in j ec t ed  gas. 
Since each type of s i d e  force  described above is  d i f f e r e n t ,  each w i l l  
be analyzed separa te ly  i n  the  following sec t ions .  
Side Force Due t o  W a l l  Pressure Disturbance 
The s i d e  force  caused by the  w a l l  pressure dis turbance can be 
evaluated by 
F = 2JJ(P - P,) cos 8 cosaRd0dx 
F i s  t h e  s i d e  force  i n  the  d i r e c t i o n  perpendicular t o  
the  rocket  nozzle ax i s  along a l i n e  through the  center  
of the  secondary i n j e c t i o n  j e t  
where 
and P i s  the  s t a t i c  pressure  on the rocket  nozzle w a l l .  
The o ther  symbols and t h e  area of i n t eg ra t ion  are i d e n t i f i e d  i n  Figure 33. 
The equation f o r  t he  s i d e  force  can be r e c a s t  i n t o  a more convenient 
form as 
F = 211.-  [ - 13 cos 0 cosaRdOdx. 
In t eg ra t ion  of t he  equation is  most conveniently handled by con- 
s ide r ing  t h e  separa t ion  region, t he  s t rong  vortex region and t h e  j e t  
region separa te ly .  
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Force i n  the  Separation Region 
To so lve  the equation fo r  t he  s i d e  force i t  i s  necessary t o  obta in  
an expression fo r  the  w a l l  pressure P as a funct ion of w a l l  pos i t i on  i n  
the separa t ion  zone. There are no de ta i l ed  da ta  ava i l ab le  f o r  t h e  
configurat ion which is present  i n  an a c t u a l  rocket nozzle;  however, an 
approximation can be developed, based upon the work of Dowdy and Newton 
( 4 )  
Figure 34 has been reproduced from Figure 23 i n  reference 4 .  The 
two types of curves shown i n  Figure 34 are typ ica l  of the  pressure 
va r i a t ion  i n  a turbulen t  separa t ion  zone f o r  shock-separated boundary 
layers .  One curve shows a f i r s t  peak pressure rise and i n  t h i s  case the  
bow shock ex t rapola t ion  (which ind ica t e s  the boundary of t h e  separa t ion  
zone) crosses  the  pressure curve i n  t h e  dip immediately downstream of 
the f i r s t  pressure peak. 
have a f i r s t  peak but  i t  does have an i n f l e c t i o n  poin t .  I n  t h i s  case 
the  bow shock ex t rapola t ion  crosses  the  pressure curve j u s t  downstream 
of the  i n f l e c t i o n  point .  
The second type of pressure curve does not  
Dowdy and Newton ( 4 )  have defined a c h a r a c t e r i s t i c  po in t  which is  
e i t h e r  a f i r s t  peak pressure poin t  or an i n f l e c t i o n  poin t ,  and have 
cor re la ted  the  experimental da t a  f o r  t he  cha rac t e r i s  t i c  po in t  i n  t.erms 
of a pressure coe f f i c i en t  and Mach number. 
To obta in  an expression f o r  t h e  pressure v a r i a t i o n  i n  the  separa t ion  
zone the following assumptions w e r e  made: 
1. The values f o r  t he  c h a r a c t e r i s t i c  po in t  predicted by Dowdy and 
Newton ( 4 )  can be applied.  
2 .  The pressure is a funct ion only of x and is equal t o  one-half 
t he  c h a r a c t e r i s t i c  po in t  pressure evaluated f o r  the  f r e e  stream Mach 
number at a p a r t i c u l a r  value of x. O r  i n  o ther  words, t he  pressure 
va r i a t ion  is assumed t o  be l i n e a r  with 6, and an average value can be 
used. 
The co r re l a t ion  of t he  c h a r a c t e r i s t i c  po in t  da t a  presented by Dowdy 
and Newton can be represented by 
The equation f o r  t h e  s i d e  fo rce  can be in t eg ra t ed  numerically 
with use of t he  above equation t o  eva lua te  an average w a l l  p ressure  f o r  
each value of x. The l i m i t s  f o r  6 can be evaluated from t h e  equations 
fo r  the  region boundaries (see pages 31, 3 7 ,  and 3 9 ) .  
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Force i n  the  Stronn Vortex Region 
The ou te r  boundary of t he  s t rong  vortex region is  determined by 
ex t rapola t ing  the bow shock t o  t h e  nozzle  w a l l .  I n  t he  v i c i n i t y  of t he  
w a l l ,  the  bow shock approaches a normal shock behind which r e l a t i v e l y  
high pressures  would be  expected. However, examination of the  d a t a  f o r  
w a l l  pressures  presented i n  the  Vickers repor t  (1) does not revea l  any 
values of w a l l  pressure which are more than about twice the  undisturbed 
s t a t i c  pressure  i n  the  primary nozzle. Also the  d a t a  presented by Dowdy 
and Newton ( 4 )  i nd ica t e  t h a t  w a l l  pressures  anywhere near t he  values 
which would be expected behind a normal shock are never encountered. 
It can be postulated t h a t  t h e  pressure near t h e  w a l l  behind t h e  bow 
shock is  reduced by the  presence of a s t rong  vortex.  That is, t h e  
pressure is much less and the  p a r t i c l e  ve loc i ty  is  much higher than what 
would normally occur behind a shock, because of t h e  vor tex  motion which 
is induced by the secondary je t  as i t  i s sues  i n t o  t h e  primary nozzle.  
Charwat and Allegre (17) have conducted some experiments using o i l  
i n j e c t i o n  on the  su r face ,  and t h e  traces l e f t  on the  sur face  ind ica t e  t h a t  
there  is no flow along t h e  w a l l  between t h e  separa t ion  region and the  
s t rong  vortex region. 
Consideration of t h e  f ac to r s  s t a t e d  above leads t o  t h e  hypothesis 
t h a t  t he  s t a t i c  pressure  should be t h e  same along both s ides  of t h e  
boundary between the  separa t ion  region and the  s t rong  vortex region. 
This pressure  should be approximately equal t o  t h e  c h a r a c t e r i s t i c  pressure 
defined by Dowdy and Newton ( 4 )  and described i n  t h e  previous sec t ion  of 
t h i s  r epor t .  
The equation f o r  the  s i d e  force  i n  the  s t rong  vor tex  region w a s  
in tegra ted  numerically with the  assumption t h a t  t h e  pressure i n  t h e  
region w a s  constant with respect t o  0 and equal t o  t h e  c h a r a c t e r i s t i c  
pressure,  as given i n  the  previous sec t ion .  The l i m i t s  of i n t eg ra t ion  
f o r  0 are given by t h e  equations f o r  t he  boundaries of t h e  s t rong  vortex 
region and the  je t  region which are given on pages 28 and 37. 
Force i n  the  Jet Region 
The de f l ec t ion  of a j e t  i s su ing  i n t o  a moving stream at  some angle 
t o  the  moving stream is a c l a s s i c a l  problem i n  f l u i d  mechanics which 
has been t r e a t e d  by a number of i nves t iga to r s .  
problem is  given by Abramovich (22 ) ;  however, his ana lys i s  does not  include 
reference t o  any e f f e c t s  due t o  a w a l l  i n  the  v i c i n i t y  of t h e  in t e rac t ion .  
A summary of t he  general  
The da ta  presented by Vickers (1) and Dowdy and Newton ( 4 )  i n d i c a t e  
t h a t  t he re  is a d e f i n i t e  i n t e r a c t i o n  between the  Secondary j e t  and the  
primary nozzle  w a l l .  
lower than the  free-stream pressure fo r  a s i g n i f i c a n t  d i s tance .  Far ther  
from the  j e t  the  pressure  rises t o  the  free-stream value. I n  some cases 
The w a l l  pressure downstream of the  j e t  is much 
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the  w a l l  pressure exceeds t h e  free-stream value and then drops t o  the  
free-stream value.  Such pressure  va r i a t ions  ind ica t e  t h a t  the  j e t  
becomes at tached t o  t h e  nozzle w a l l  and flows p a r a l l e l  t o  i t  some 
d is tance  downstream of in j ec t ion .  
The phenomenon of je t  attachment t o  a w a l l ,  commonly ca l l ed  je t  
reattachment, has been inves t iga ted  i n  d e t a i l  f o r  bounded jets; however, 
t he re  are no analyses o r  d a t a  ava i l ab le  f o r  t he  unbounded case. 
Figure 35 shows a comparison of t h e  j e t  reattachment configurat ion 
f o r  the  case of a je t  i s su ing  p a r a l l e l  t o  a w a l l  and f o r  a j e t  i ssu ing  
i n t o  a high-velocity stream. A very s i g n i f i c a n t  d i f f e rence  i n  the  two 
cases is  not apparent i n  Figure 35. I n  Figure 35 (a)  t he  j e t  is  bounded 
by p a r a l l e l  w a l l s  i n  the  plane of t h e  f i g u r e  s o  t h a t  there  is no flow 
i n  the  d i r ec t ion  perpendicular t o  the  f igure .  The only flow i n  or  out 
of t he  separa t ion  bubble is  due t o  entrainment by the  je t .  
t he  j e t  is not bounded by s i d e  w a l l s ,  s o  flow i n  the  d i r ec t ion  perpendicular 
t o  the  plane of the  f igu re  is possible .  
I n  Figure 35(b) 
Since the  separa t ion  bubble is  a zone of low pressure relative t o  
the  surroundings there  w i l l  be  flow i n t o  the  bubble when the  flow is  
not  confined by s i d e  w a l l s .  The e f f e c t  of t he  flow i n t o  the  separa t ion  
bubble is t o  increase  t h e  pressure i n  i t .  A s  a r e s u l t  t he  curvature of 
the jet  is decreased, causing an incrase  i n  the d i s t ance  required fo r  
reattachment. 
Although the  two types of reattachment described i n  Figure 35 
are s i g n i f i c a n t l y  d i f f e r e n t  i n  d e t a i l  they are similar i n  a q u a l i t a t i v e  
sense,  and the  ana lys i s  of t h e  reattachment of a j e t  t o  an o f f s e t  
p a r a l l e l  w a l l  can be used t o  descr ibe the  parameters which inf luence 
t h e  flow. 
The reattachment of a compressible je t  t o  an adjacent  w a l l  has been 
H i s  da t a  show t h a t  t h e  reattachment loca t ion  invest igaed by Olson ( 2 3 ) .  
i s  a function of the  angle between the  w a l l  and the  j e t ,  the  j e t  Mach 
number, t he  j e t  width, and the  w a l l  o f f s e t .  The w a l l  pressure i n  the  
separated region va r i e s  from a minimum near the  j e t  e x i t  t o  a maximum 
near  the  reattachment poin t .  
Examination of t he  j e t  flow f o r  secondary i n j e c t i o n  ind ica t e s  t h a t  
t he re  should be some s i m i l a r  parameters involved. After  the  in j ec t ed  
flow has been turned by t h e  primary stream there  i s  a s i m i l a r i t y  with 
the  flow of a j e t  near an adjacent  w a l l ,  as shown i n  Figure 35(a). The 
flow should be dependent upon some c h a r a c t e r i s t i c  dimension which is 
analogous t o  t h e  w a l l  o f f s e t  i n  the  bounded j e t  problem. It is  l o g i c a l  
t o  assume t h a t  t he  analogous dimension is the  dis turbance height .  The 
j e t  width could be character ized by t h e  expansion width. This seems 
more reasonable than using t h e  secondary nozzle e x i t  dimension, because 
the  j e t  expands rap id ly  t o  some s i z e  r e l a t e d  t o  t h e  expansion width. 
Af te r  t he  j e t  has  been turned, t he  flow i n  the  je t  w i l l  be  near ly  sonic  
and only a weak dependence upon Mach number would be expected. 
I n  the  ana lys i s  of rea t taching  flows i t  is customary t o  assume a 
constant average pressure i n  the  separated region. The pressure i n  
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t h i s  region is ac tua l ly  not  constant b u t  a t  present  t he re  are no success- 
f u l  a n a l y t i c a l  techniques fo r  pred ic t ing  the  pressure  va r i a t ion .  
Evaluation of t he  s i d e  forces  i n  the  j e t  region requi res  a knowledge 
of the  pressure  d i s t r i b u t i o n ,  and considering the  f ac to r s  discussed above, 
i t  seems reasonable t o  obta in  a f i r s t  order approximation i n  the  following 
manner. 
F i r s t  i t  w a s  assumed t h a t  t h e  j e t  region could be divided i n t o  two 
regions; (1) a separa t ion  bubble region with r e l a t i v e l y  low pressure 
giving rise t o  a l a r g e  negat ive s i d e  fo rce  and, (2) a region beyond 
reattachment where the  pressures  are approximately t h e  same as t h e  f r e e  
stream pressure and no s i g n i f i c a n t  s i d e  force is  developed. 
It w a s  assumed t h a t  t he  va r i ab le  w a l l  p ressure  i n  the  separa t ion  
bubble region could be represented by a constant average pressure ,  and 
t h a t  the  average pressure  fo r  any p a r t i c u l a r  case would depend upon t h e  
s p e c i f i c  flow conditions.  The w a l l  pressure approximately three-fourths 
of an inch d i r e c t l y  downstream from t h e  center  of t h e  i n j e c t i o n  nozzle 
w a s  chosen f o r  t he  average value. The choice is a r b i t r a r y ;  however, it 
does have t h e  advantage t h a t  t h e  information is ava i l ab le  f o r  each of t h e  
Vickers (1) tests and i n  each case it  appears t o  be approximately i n  the  
center  of t he  separated region. The ava i l ab le  d a t a  were examined i n  terms 
of the disturbance height  and the  expansion width,  and a f i r s t  order  
approximation is  given by 
hd 0.95 - 0 . 3  - a P - =  
pco d2 
With t h i s  equation t o  evaluate  t h e  average w a l l  pressure i n  t h e  
j e t  region,  t he  s i d e  force  equation w a s  evaluated with the  use of t he  
l i m i t s  f o r  8 given by t h e  equation f o r  the  boundary of t he  j e t  region,  
Page 
The l i m i t s  of i n t eg ra t ion  f o r  x are from the  edge of the  secondary 
i n j e c t i o n  nozzle t o  t h e  reattachment poin t .  The loca t ion  of t h e  
reattachment poin t  ( i t  would appear as a l i n e  i n  Figure 33) could not  
be determined prec ise ly  from the  ava i l ab le  da ta ,  and i t  w a s  assumed 
t h a t  reattachment occurs approximately one and one-half inches downstream 
of the  i n j e c t i o n  nozzle.  The da ta  are l imi ted  and there  does not  appear 
t o  be any d e f i n i t e  trend regarding reattachment,  except t h a t  t he  
reattachment is  e i t h e r  complete o r  near ly  complete f o r  most of t h e  
examples given i n  reference 1. 
Pressure Force on I n j e c t i o n  Nozzle 
The pressure force  on the  i n j e c t i o n  nozzle area is given by 
Momentum Effec t  of In jec ted  G a s  
The s i d e  force  due t o  the  momentum of the  in j ec t ed  gas is simply 
the  component of t h e  i n i t i a l  momentum i n  a d i r e c t i o n  perpendicular 
t o  the  primary nozzle cen te r l ine .  The force  is given by 
F =  v cos E 
j j e  
RESULTS OF SIDE FORCE CALCULATIONS 
The s i d e  forces  w e r e  calculated by the procedures explained i n  
the  previous sec t ion .  
Calculations w e r e  made f o r  a se l ec t ed  number of runs fo r  tests 
1, 3 ,  4 and 5 given i n  the  Vickers (1) repor t .  T e s t  number 2 w a s  
not included, because of t he  l imi ted  d a t a  ava i lab le .  T e s t  number 
6 w a s  not  included, because of t he  addi t iona l  complication caused 
by overlapping of the  i n t e r a c t i o n  regions and a lack of complete data .  
The runs se l ec t ed  f o r  ca lcu la t ion  were chosen by considerat ion of t he  
r a t i o  of i n j e c t i o n  chamber pressure t o  primary nozzle pressure ,  s o  as 
t o  inc lude  the  whole range of pressure r a t i o  va r i a t ion .  
The da ta  required f o r  t h e  ca lcu la t ions  were ext rac ted  from 
reference 1 and from the  copies of t h e  o r i g i n a l  b a l l i s t i c  d a t a  
furnished by NASA (reference 24)  f o r  tests one through f i v e .  
tests 1, 3 ,  and 4 t he  temperature of t he  i n j e c t e d  gas w a s  not ava i l ab le  
f o r  both i n j e c t i o n  nozzles ,  s o  the  ava i l ab le  da t a  w e r e  used, wi th  t h e  
assumption t h a t  t he  temperatures were the  same on both s i d e s .  Measured 
s i d e  fo rce  da ta  w e r e  obtained from t h e  b a l l i s t i c  da t a  ( 2 4 )  except f o r  
test 3 .  I n  t h i s  case t h e  da ta  w e r e  no t  included i n  the  b a l l i s t i c  data .  
For 
The r e s u l t s  of the  s i d e  force  ca lcu la t ions  are summarized i n  Table 1 
and the  r e s u l t s  are a l s o  p lo t t ed  i n  non-dimensional form i n  Figures 
36, 37,  38 and 39. 
The r e s u l t s  of s i d e  force  ca lcu la t ions  shown i n  Figures 36 through 
39 i n d i c a t e  t h a t  t he  method of ca l cu la t ion  proposed is  capable of producing 
realist ic values .  It should be  noted t h a t  t he  ca lcu la ted  r e s u l t s  p lo t t ed  
i n  these f igures  include s i d e  forces  i n  both d i r e c t i o n s ,  f o r  example 
i n  Figure 38 the  two poin ts  which are a t  near ly  t h e  same flow r a t i o  
represent  forces  i n  opposi te  d i r ec t ions .  
The ca lcu la ted  r e s u l t s  f o r  test 1 appear t o  be wi th in  the  s c a t t e r  
of the  experimental da ta .  However, t h e  range of flow r a t i o  is not  l a rge  
enough t o  be very conclusive.  
The calculated r e s u l t s  f o r  tests 3 and 4 show c lose  agreement with 
the  experimental r e s u l t s  except f o r  t h e  mid-range values i n  test 3 e 
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The agreement f o r  test 4 i s  the  b e s t  f o r  a l l  of t h e  ca lcu la t ions .  
is  i n t e r e s t i n g  t o  note  t h a t  test 4 w a s  t h e  only one run without inc ident .  
The da ta  f o r  t h a t  test seems t o  be  the  b e s t  ava i lab le .  
It 
For test 5 the  agreement between calculated and measured values  is  
unsa t i s f ac to ry ,  with as much as 28 p e r  cent  d i f fe rence .  There appears 
t o  be a systematic  d i f fe rence  i n  the r e s u l t s  bu t  t he re  is no apparent 
reason f o r  t he  discrepancy. It w a s  reported i n  reference 1 t h a t  a crack 
developed i n  the  proportioning valve during the  test ,  and t h a t  t h e  crack 
caused an estimated 10 per  cent l o s s  i n  mass flow t o  the  secondary injec-  
t i o n  nozzles.  It is d i f f i c u l t  t o  i n t e r p r e t  t h e  e f f e c t s  of t he  leakage on 
the  da t a  except t o  specula te  t h a t  the escaping gas may have caused the  
measured s i d e  force  t o  be g rea t e r  than the  s i d e  force  caused by 
secondary i n j  ec t ion  . 
There are many poss ib le  sources of e r r o r  i n  the  s i d e  force  cal- 
cu la t ions  because of t he  numerous assumptions required concerning the  
pressure d i s t r i b u t i o n s  i n  the  i n t e r a c t i o n  region. The most l i k e l y  source 
f o r  l a rge  e r r o r  is  i n  the  assumptions made concerning the  pressure  d is -  
t r i bu t ion  and reattachment poin t  i n  t h e  j e t  region. 
a constant pressure i n  t h e  separated region i s  obviously not  co r rec t  but  
a t  present  t he re  is no acceptable  a l t e r n a t i v e .  
The assumption of 
SUMMARY 
The flow disturbances i n  a supersonic  rocket  nozzle due t o  secondary 
in j ec t ion  have been analyzed with use of an e f f e c t i v e  body approximation. 
The ana lys i s  is based upon a considerat ion of t h e  momentum f lux  of t he  
primary and secondary flows and of the  underexpansion of t h e  secondary 
jet .  The ana lys i s  r e s u l t s  i n  two c h a r a c t e r i s t i c  dimensions of t h e  
e f f e c t i v e  body f o r  a p a r t i c u l a r  flow condition. The two c h a r a c t e r i s t i c  
dimensions, termed expansion width and dis turbance he ight ,  account f o r  
the major e f f e c t s  of t he  secondary i n j e c t i o n .  The e f f e c t i v e  body ana lys i s  
includes t h e  e f f e c t s  of i n j e c t i o n  a t  an angle t o  t h e  primary stream and 
the  e f f e c t s  of the secondary j e t  e x i t  Mach number on the  in t e rac t ion .  
The flow near t he  primary nozzle  sur face  i n  t h e  v i c i n i t y  of 
i n j e c t i o n  w a s  divided i n t o  three  d i s t i n c t  regions : 
1. A separa t ion  region where t h e  boundary l a y e r  on the  primary 
w a l l  is separated and back flow occurs along the  sur face .  
2. A s t rong  vortex region where primary gases are forced onto 
the nozzle w a l l  by the  high pressures  e x i s t i n g  behind the  bow shock. 
This region is  character ized by severe erosion of t h e  nozzle w a l l .  
3.  A region d i r e c t l y  a f f ec t ed  by the  secondary j e t  where 
separa t ion  and reattachment of t h e  j e t  are present  and r e l a t i v e l y  low 
pressures detr imental  t o  s i d e  fo rce  generat ion exis t .  
The predic t ion  of t he  boundaries of t h e  flow regions has been 
accomplished. Empirical methods w e r e  used and the  disturbance he ight  
and the  expansion width from t h e  e f f e c t i v e  body ana lys i s  w e r e  used as 
co r re l a t ing  parameters. 
these boundaries can be  made. 
A c lose  approximation of t h e  loca t ion  of 
The s i d e  forces  caused by secondary i n j e c t i o n  are a r e s u l t  o f ;  
(a)  t he  momentum e f f e c t  of t he  i n j e c t e d  gas,  (b) t h e  excess pressure  
ac t ing  on the  i n j e c t i o n  nozzle e x i t  area and, (c )  t h e  pressure dis turbance 
on the  primary nozzle w a l l s .  The determination of t h e  forces  caused by 
(a )  and (b) requi res  only rout ine  ca lcu la t ions .  
The evaluat ion of t h e  s i d e  force  which r e s u l t s  from the  pressure 
dis turbance on the  primary nozzle w a l l s  requi res  a knowledge of t h e  w a l l  
pressure d i s t r i b u t i o n s .  For purposes of ana lys i s  t h e  pressure d i s t r i b u t i o n  
i n  each flow disturbance region w a s  t r ea t ed  separa te ly .  
Pressure d i s t r i b u t i o n s  f o r  t h e  separa t ion  region and the  s t rong  
vortex region were determined as a funct ion of Mach number by considerat ion 
of the  experimental da t a  ava i lab le .  For t h e  j e t  region a constant  
pressure w a s  assumed f o r  t h a t  por t ion  of the  region between the  i n j e c t i o n  
por t  and the  l i n e  of flow reattachment. The value of the  pressure  
w a s  obtained by co r re l a t ion  of t he  ava i l ab le  da ta  with dis turbance 
he ight  and expansion width. A reattachment l i n e  which is only a rough 
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approximation w a s  assumed. 
Reasonable ca l cu la t ions  of t he  s i d e  forces  can be made with 
use of the  pressure  d i s t r i b u t i o n s  pos tu la ted  f o r  t h e  d is turbed  regions.  
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